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Abstract
From a certain strongly equivariant bundle gerbe with connection and
curving over a smooth manifold on which a Lie group acts, we construct
under some conditions a bundle gerbe with connection and curving over
the quotient space. In general, the construction requires a choice, and
we can consequently obtain distinct stable isomorphism classes of bundle
gerbes with connection and curving over the quotient space. A bundle
gerbe naturally arising in Chern-Simons theory provides an example of
the reduction.
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1 Introduction
By the theory of Kostant [22] and Weil [32], the degree two cohomology classes
of a smooth manifold are geometrically realized by Hermitian line bundles or by
circle bundles through their characteristic classes. Similarly, the degree three
cohomology classes admit various geometric realizations. The notion of gerbes,
invented by Giraud [16], is one of such realizations. Brylinski investigated the-
ory of gerbes in detail, and provided a number of applications to geometry
and topology [8]. In particular, connective structures and curvings, which are
notions of connections on gerbes, are due to his work.
In [20], the author studied, under certain conditions, the relationship be-
tween equivariant gerbes [7, 8] with connective structure and curving over a
smooth manifold M , on which a Lie group G acts, and gerbes with connec-
tive structure and curving over the quotient space M/G. For convenience, we
include here the result in a concise fashion.
Theorem 1 ([20]). Suppose that the action of G on M is free and locally
trivial, and that we can make the quotient space M/G into a smooth manifold
in such a way that the projection map q :M →M/G is smooth.
(a) There exists a gerbe with connective structure and curving over M/G
whose pull-back under q : M → M/G is isomorphic to a G-equivariant gerbe
with connective structure and curving overM given, if and only if an obstruction
class vanishes.
(b) For a G-equivariant gerbe with connective structure and curving over M
whose obstruction class vanishes, the isomorphism classes of such gerbes with
connective structure and curving over M/G as in (a) are, in general, not unique.
We notice that an obstruction similar to Theorem 1 (a) exists for a G-
equivariant principal T-bundle with connection, where T = {u ∈ C| |u| = 1}
is the unit circle. In fact, the obstruction is the moment [4] associated with
a G-equivariant T-bundle with connection. However, there is no counterpart
of Theorem 1 (b) in considering equivariant T-bundles: there is exactly one
isomorphism class of a T-bundle over M/G whose pull-back is equivariantly
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isomorphic to a given G-equivariant T-bundle with connection whose moment
vanishes.
The proof of Theorem 1 is rather abstract: we use certain cohomology groups
developed on the basis of Brylinski’s work [7]. So it is left as a problem to
construct concretely a gerbe with connective structure and curving over M/G
from a G-equivariant gerbe with connective structure and curving over M .
The purpose of the present paper is to answer this problem by using so-
called strongly equivariant bundle gerbes [25, 26]. The notion of bundle gerbes
was introduced by Murray [27], as the other geometric realization of a degree
three cohomology class of a smooth manifold. In fact, the stable isomorphism
classes of bundle gerbes over M are classified by H3(M,Z). As in the case of
gerbes, bundle gerbes admit differential geometric structures called connection
and curving. In [25], Mathai and Stevenson defined an equivariant version of
bundle gerbes. As they remarked, their definition is too strong in a sense. Later,
in the preprint of [26], Meinrenken proposed a general formulation of equivariant
bundle gerbes. The equivariant bundle gerbes of Mathai and Stevenson are
recovered in a special case, and are called strongly equivariant bundle gerbes.
Now we explain the results in this paper: a construction of a bundle gerbe
with connection and curving over M/G from a strongly G-equivariant bundle
gerbe with connection and curving over M . In the following, we call such a
construction a reduction (or quotient) of a strongly equivariant bundle gerbe
with connection and curving.
First of all, we recall the definition of bundle gerbes, following [26]. A bundle
gerbe G = (Y, P, s) over M consists of a surjective submersion π : Y → M , a
T-bundle P → Y [2] and a section s : Y [3] → δP such that δs = 1. (See the figure
below.) Here we denote by Y [p] the p-fold fiber product of Y , and define δP as
δP = π∗1P ⊗ π∗2P⊗−1 ⊗ π∗3P , using the projection πi : Y [3] → Y [2] omitting the
ith factor. The T-bundle δδP and the section δs are defined in the same way.
Note that δδP is canonically isomorphic to the trivial T-bundle over Y [4]. A
connection on G = (Y, P, s) is defined to be a connection 1-form ∇ ∈ √−1A1(P )
on the circle bundle P such that s∗(δ∇) = 0. A curving for a connection ∇ is
defined to be a 2-form f ∈ √−1A2(Y ) such that δf = F (∇), where F (∇) stands
for the curvature of ∇.
P

δP

δδP

Y
π

Y [2]
oo oo Y [3]oo
oooo
s
\\
Y [4]oo
oooooo
δs=1
\\
G
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//
''
M
Let a Lie group G act on M by left. A bundle gerbe G = (Y, P, s) is said to
be strongly G-equivariant, when the action of G on M lifts to Y , the induced
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action on Y [2] also lifts to P by bundle isomorphisms, and the section s is G-
invariant. A connection ∇ and a curving f are said to be G-invariant, when
they are G-invariant differential forms.
Next we describe the obstruction class to the reduction. Let G = (Y, P, s) be
a strongly G-equivariant bundle gerbe equipped with a G-invariant connection
∇ and a G-invariant curving f . We define a map λ˜ : Y [2] → Hom(g,√−1R)
by 〈X |λ˜(y1, y2)〉 = ∇(p;X∗), where p ∈ P is a point lying on the fiber of
(y1, y2) ∈ Y [2], X∗ ∈ TpP is the tangent vector generated by the infinitesimal
action of X ∈ g = LieG, and 〈 | 〉 : g ⊗ Hom(g,√−1R) → √−1R is the natural
contraction. Note that the value λ˜(y1, y2) is independent of the choice of the
point p on the fiber. The map λ˜ is the moment ([4]) associated with (P,∇). We
introduce the following vector spaces:
C = A1(M, g∗)⊕ C∞(G,A0(M, g∗)),
Z =
{
(E, ζ) ∈ C
∣∣∣ g∗E −AdgE = dζ(g),
Adgζ(h) − ζ(gh) + h∗ζ(g) = 0.
}
,
B =

(E, ζ) ∈ C
∣∣∣∣∣
µ ∈ A0(M, g∗),
E = dµ,
ζ(g) = g∗µ− Adgµ.

 .
It is known [25] that there is a map λ : Y → Hom(g,√−1R) such that δλ = λ˜.
When we choose such a map λ, we define (E, ζ) ∈ Z by setting
〈X |π∗E〉 = 1
2π
√−1 (〈X |dλ〉+ ιX∗f) , (1)
〈X |π∗ζ(g)〉 = 1
2π
√−1〈X |g
∗λ−Adgλ〉. (2)
Though (E, ζ) ∈ Z above depends on the choice of λ, the element [E, ζ] ∈ Z/B
is independent of the choice. We define βG(G,∇, f) ∈ Z/B by βG(G,∇, f) =
[E, ζ]. The next theorem implies that βG(G,∇, f) is the obstruction to the
reduction of (G,∇, f):
Theorem 2. Let G and M be as in Theorem 1. There exists a bundle gerbe
with connection and curving over M/G whose pull-back under q :M →M/G is
stably isomorphic to a given strongly G-equivariant bundle gerbe with connection
and curving (G,∇, f) over M , if and only if βG(G,∇, f) = 0 in Z/B.
We remark that the obstruction βG(G,∇, f) ∈ Z/B originates in the study
of an equivariant version of the smooth Deligne cohomology which classifies the
isomorphism classes of equivariant gerbes with connective structure and curving
[18]. We also remark that the expression of βG(G,∇, f) owes its simplicity to
that of strongly equivariant bundle gerbes.
Now we perform a reduction of a strongly G-equivariant bundle gerbe with
connection and curving (G,∇, f). We assume that the action of G on M is as
in Theorem 1. We also put the same assumption on the action of G on Y .
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In this case, a simple construction of a bundle gerbe G¯ = (Y¯ , P¯ , s¯) over
M/G is known [25]: we put Y¯ = Y/G and P¯ = P/G. Then the G-invariant
section s : Y [3] → δP corresponds to s¯ : Y¯ [3] → δP¯ . However, ∇ and f do not
descend to give a connection and a curving on G¯ directly, since these G-invariant
differential forms do not necessarily vanish in the direction of G.
Let us suppose that the obstruction class βG(G,∇, f) vanishes. Then we can
choose a map λ : Y → Hom(g,√−1R) such that δλ = λ˜ and (E, ζ) = 0, where
(E, ζ) ∈ Z is defined by (1) and (2). By the assumption, q : M → M/G gives
rise to a principal G-bundle, on which G acts by left. Let us choose and fix a
connection Ξ ∈ A1(M, g) on this bundle. We define a 1-form κ ∈ √−1A1(Y )
by κ = 〈π∗Ξ|λ〉, and consider the strongly G-equivariant bundle gerbe with
connection and curving (G,∇− δκ, f − dκ). We notice that (G,∇− δκ, f − dκ)
and (G,∇, f) are stably isomorphic. Because ∇− δκ and f − dκ vanish in the
direction of G, they descend to give a connection ∇¯ and a curving f¯ on G¯,
respectively. This construction is our reduction of (G,∇, f):
Theorem 3. The pull-back of (G¯, ∇¯, f¯) is stably isomorphic to (G,∇, f) as a
G-equivariant bundle gerbe with connection and curving over M .
As is apparent, our construction depends on the choice of a map λ. Let λ′ be
the other choice, and (G¯, ∇¯′, f¯ ′) the bundle gerbe with connection and curving
obtained by using λ′. In general, ∇¯′ coincides with ∇¯, while f¯ ′ differs from f¯ .
Theorem 4. (G¯, ∇¯, f¯) and (G¯, ∇¯, f¯ ′) are stably isomorphic, if and only if λ′−λ
is the moment of a G-equivariant T-bundle with flat connection.
We also shown that, if λ is fixed, then the stable isomorphism class of
(G¯, ∇¯, f¯) is independent of the choice of the connection Ξ.
One example of our method of reduction is given by the action of G = T
on M = SU(2) through the diagonal embedding T → SU(2). In this case,
the reduction yields all the stable isomorphism classes of bundle gerbes with
connection and curving over M/G ∼= S2 by varying the choice of λ. The other
example concerns Chern-Simons theory. We study a bundle gerbe over the
space of connections on the trivial SU(2)-bundle over S1, on which the gauge
transformation group acts naturally. The reduction yields a bundle gerbe with
connection and curving whose 3-curvature is the canonical 3-form on SU(2).
This example is also related to the Chern-Simons line bundle [13] and to a
quasi-Hamiltonian space introduced by Alekseev, Malkin and Meinrenken [1].
This paper is organized as follows. Section 2–4 are preliminaries. In Section
2, we briefly review the smooth Deligne cohomology group and its equivariant
version [18, 20]. In Section 3, we recall bundle gerbes and some basic facts
related. In Section 4, we introduce Meinrenken’s equivariant bundle gerbes,
and explain the relation with strongly equivariant bundle gerbes.
After these preliminaries, we construct, in Section 5, an equivariant smooth
Deligne cohomology class for an equivariant bundle gerbe with connection and
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curving. This is thought of as a characteristic class, and is a key to the study of
βG(G,∇, f). In Section 6, we show Theorem 2 by using results in Section 2 and
Section 5. The reduction of strongly equivariant bundle gerbes is given in Section
7. We prove Theorem 3 and 4 in the section. A reduction of “trivializations”
for equivariant bundle gerbes is also given. Finally, in Section 8, we provide
examples of reductions.
Acknowledgments. I would like to thank T. Kohno and M. Furuta for useful
discussions and valuable suggestions.
2 Review of the smooth Deligne cohomology
In this section, we recall the smooth Deligne cohomology group [8, 11, 12] and
its equivariant version [18, 20].
2.1 Smooth Deligne cohomology groups
As a convention of this paper, a “smooth manifold” means a paracompact
smooth manifold modeled on a Hausdorff locally convex topological vector space.
We also assume the existence of a partition of unity. We always work in the
smooth category, so we often drop the word “smooth.”
Let M be a smooth manifold. We denote by TM the sheaf of germs of
functions on M which take its values in the unit circle T = {z ∈ C| |z| = 1},
and by AqM the sheaf of germs of R-valued differential q-forms on M .
Definition 2.1. Let N be a non-negative integer.
(a) We define the smooth Deligne complex F(N)M by the following complex
of sheaves on M :
TM
1
2pi
√
−1d log−→ A1M d−→ A2M d−→ · · · d−→ ANM −→ 0 −→ · · · .
where the sheaf TM is located at degree 0 in the complex.
(b) We define the smooth Deligne cohomology group Hp(M,F(N)M ) by the
hypercohomology group of the smooth Deligne complex.
We often omit the subscripts of TM , A
q
M and F(N)M .
Proposition 2.2 ([8]). Let N be a positive integer.
(a) If 0 ≤ p < N , then Hp(M,F(N)) is isomorphic to Hp(M,T), the coho-
mology with coefficients in the constant sheaf T.
(b) If p = N , then HN (M,F(N)) fits into the following exact sequences:
0 −→ HN (M,T) −→ HN(M,F(N)) −→ AN+1(M)0 −→ 0,
0 −→ AN (M)/AN (M)0 −→ HN (M,F(N)) −→ HN+1(M,Z) −→ 0,
where Aq(M)0 is the group of closed integral q-forms on M .
(c) If N < p, then Hp(M,F(N)) is isomorphic to Hp(M,T) ∼= Hp+1(M,Z).
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2.2 Simplicial manifolds and simplicial sheaves
We recall simplicial manifolds [31] and the notion of a sheaf on a simplicial
manifold (a simplicial sheaf, for short) [10].
A simplicial manifold X• is a sequence of manifolds {Xp}p≥0 together with
face maps ∂i : Xp+1 → Xp, (i = 0, . . . , p + 1) and degeneracy maps si : Xp →
Xp+1, (i = 0, . . . , p) obeying the following relations:
∂i ◦ ∂j = ∂j−1 ◦ ∂i, (i < j), (3)
si ◦ sj = sj+1 ◦ si, (i ≤ j), (4)
∂i ◦ sj =


sj−1 ◦ ∂i, (i < j),
id, (i = j, j + 1),
sj ◦ ∂i−1, (i > j + 1).
(5)
The simplicial manifold that we will use is the one associated to a Lie group
action. Let G be a Lie group, which is not necessarily compact. When G acts
on a smooth manifold M (by left), we define a simplicial manifold G• ×M by
the sequence {Gp×M}p≥0. The face map ∂i : Gp+1×M → Gp×M is given by
∂i(g1, . . . , gp+1, x) =


(g2, . . . , gp+1, x), i = 0
(g1, . . . , gi−1, gigi+1, gi+2, . . . , gp+1, x), i = 1, . . . , p
(g1, . . . , gp, gp+1x), i = p+ 1,
and the degeneracy map si : G
p ×M → Gp+1 ×M is given by
si(g1, . . . , gp, x) = (g1, . . . , gi, e, gi+1, . . . , gp, x).
We note that the realization [31] of G• ×M is the homotopy quotient [2]
(EG×M)/G, where EG is the total space of the universal bundle for G.
Let X• = {Xp}p≥0 be a simplicial manifold, and S• = {Sp}p≥0 a sequence
of sheaves such that Sp is a sheaf on Xp. When there are homomorphisms
∂˜i : ∂
−1
i Sp → Sp+1 and s˜i : s−1i Sp+1 → Sp obeying the same relations as (3),
(4) and (5), we call S• a simplicial sheaf on X•. For example, the sequence
TX• = {TXp}p≥0 forms a simplicial sheaf by taking natural homomorphisms ∂˜i
and s˜i.
The notion of a complex of simplicial sheaves is defined in a similar fashion.
Definition 2.3 ([6, 7]). We define an open cover of a simplicial manifold X•
by a sequence of open covers U• = {U (p)}p≥0 such that:
(a) U (p) = {U (p)
α(p)
}α(p)∈A(p) is an open cover of Xp;
(b) the index set A(p) forms a simplicial set A• = {A(p)}p≥0;
(c) we have ∂i(U
(p+1)
α(p+1)
) ⊂ U (p)
∂i(α(p+1))
and si(U
(p)
α(p)
) ⊂ U (p+1)
si(α(p))
.
We can find in [7, 26] a construction of an open cover of G• ×M .
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Let S• = {Sp}p≥0 be a complex of simplicial sheaves, where Sp is a complex
of sheaves onXp. We denote by S [k]p the sheaf located at degree k in the complex,
and by d˜ : S [k]p → S [k+1]p the coboundary operator. Let U• = {U (p)}p≥0 be an
open cover of X•. We define a triple complex (Ki,j,k, ∂, δˇ, d˜) by
Ki,j,k =
∏
U
(i)
α
(i)
0
,...,U
(i)
α
(i)
j
Γ(U
(i)
α
(i)
0 ...α
(i)
j
,S [k]i ), (6)
where we write U
(i)
α
(i)
0 ...α
(i)
j
for the intersection U
(i)
α
(i)
0
∩· · ·∩U (i)
α
(i)
j
. The coboundary
operator ∂ : Ki,j,k → Ki+1,j,k is given by ∂ = ∑i+1l=0(−1)l∂∗l , the δˇ : Ki,j,k →
Ki,j+1,k is the Cˇech coboundary operator, and d˜ : Ki,j,k → Ki,j,k+1 is induced
from the complex (S [k]i , d˜). From the triple complex, we obtain the total complex
by putting Cm(U•,S•) = ⊕m=i+j+kKi,j,k, where the total coboundary operator
is defined by D = ∂ + (−1)iδˇ + (−1)i+j d˜ on the component Ki,j,k. We denote
by Hm(U•,S•) the cohomology of this total complex. Now the cohomology
Hm(X•,S•) of the complex of simplicial sheaves S• is defined to be
Hm(X•,S•) = lim−→H
m(U•,S•),
where the direct limit is taken over the ordered set of open covers of X•.
When each open cover U (p) is a good cover [5, 8] ofXp, we call U• a good cover
of X•. If U• is a good cover, then there is a natural isomorphism Hm(U•,S•) ∼=
Hm(X•,S•).
2.3 Equivariant smooth Deligne cohomology groups
Let N be a non-negative integer.
Definition 2.4. Let G be a Lie group acting on a smooth manifold M . We
define a complex of simplicial sheaves F(N)G•×M on G• ×M by the sequence
of smooth Deligne complex {F(N)Gp×M}p≥0, where the homomorphisms ∂˜i :
∂−1i F(N)Gp×M → F(N)Gp+1×M and s˜i : s−1i F(N)Gp+1×M → F(N)Gp×M are
the natural ones.
We often omit the subscripts of F(N)G•×M , F(N)Gp×M , etc.
The cohomology Hm(G• × M,F(N)) can be identified with the ordinary
smooth Deligne cohomology on the quotient space under some assumptions.
Proposition 2.5 ([20]). Let G be a Lie group acting on a smooth manifold
M . We assume that the action is free and locally trivial, and that the quotient
space M/G is a smooth manifold in such a way that the projection map q :M →
M/G is smooth. For a non-negative integer N the projection map induces an
isomorphism of groups
q∗ : HN(M/G,F(N)M/G) −→ HN(G• ×M,F(N)G•×M ).
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This proposition suggests that Hm(G• ×M,F(N)) is rather unsuitable for
the classification of equivariant geometric objects, such as equivariant principal
T-bundles with connection. So we introduce the other cohomology group in the
below.
For a moment, we fix a non-negative integer i. We have an obvious fibra-
tion π : Gi × M → Gi × pt, where pt is the manifold consisting of a single
point. For a positive integer p, we define a subsheaf F pAqGi×M of A
q
Gi×M by
setting F pAqGi×M = π
−1ApGi×pt ⊗ Aq−pGi×M , where the tensor product is taken
over π−1A0Gi×pt.
For an open subset U ⊂ Gi ×M , the group F pAqGi×M (U) consists of those
q-forms ω on U satisfying ιV1 · · · ιVq−p+1ω = 0 for tangent vectors V1, . . . , Vq−p+1
at x ∈ U such that π∗Vk = 0. If {gj} and {xk} are systems of local coordinates
of G and M respectively, then the q-form ω has a local expression
ω =
∑
r≥p
∑
j1,...,jr
k1,...,kq−r
fJ,K(g, x)dgj1 ∧ · · · ∧ dgjr ∧ dxk1 ∧ · · · ∧ dxkq−r .
We define the sheaf of germs of relative q-forms with respect to the fibration
Gi ×M → Gi × pt by Aqrel = AqGi×M/F 1AqGi×M . We also define a complex of
sheaves F¯(N)Gi×M on Gi ×M by
F¯(N)Gi×M : T
1
2pi
√
−1d log−→ A1rel d−→ A2rel d−→ · · · d−→ ANrel −→ 0 −→ · · · .
Definition 2.6. Let G be a Lie group acting on a smooth manifold M . We de-
fine a complex of simplicial sheaves F¯(N)G•×M on G• ×M by the sequence
{F¯(N)Gi×M}i≥0.The homomorphisms ∂˜i : ∂−1i F¯(N)Gp×M → F¯(N)Gp+1×M
and s˜i : s
−1
i F¯(N)Gp+1×M → F¯(N)Gp×M are the natural ones.
In [18, 20], the cohomology groupsHm(G•×M, F¯(N)) are called equivariant
smooth Deligne cohomology groups.
Note that, if the topology on G is discrete, then we have F(N) = F¯(N), so
that the cohomology Hm(G• ×M, F¯(N)) coincides with Hm(G• ×M,F(N)).
Remark 1. In [24], Lupercio and Uribe introduced the Deligne cohomology group
for the orbifold M/G by the cohomologyHm(G•×M,F(N)), where G is a finite
group. Since the topology on G is discrete, we have Hm(G• × M,F(N)) ∼=
Hm(G• ×M, F¯(N)).
When the Lie algebra ofG is non-trivial, the cohomologyHm(G•×M,F(N))
differs from Hm(G• ×M, F¯(N)) generally. To see a precise relation between
these cohomology groups, we introduce a subcomplex of F(N)G•×M as follows.
Let us fix again a non-negative integer i for a moment. By means of the
fibration Gi ×M → Gi × pt, we can form a subcomplex F 1F(N)Gi×M of the
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ordinary smooth Deligne complex F(N)Gi×M :
T // A1 // A2 // · · · // AN−1 // AN // 0 // · · · ,
∪ ∪ ∪ · · · ∪ ∪ ∪
0 // F 1A1 // F 1A2 // · · · // F 1AN−1 // F 1AN // 0 // · · · .
Now we define the subcomplex F 1F(N)G•×M by {F 1F(N)Gi×M}i≥0.
Notice that, for each i, the complex F¯(N)Gi×M is obtained as the quotient
F(N)Gi×M/F 1F(N)Gi×M . Hence F¯(N)G•×M fits into the the following short
exact sequence:
0 −→ F 1F(N)G•×M −→ F(N)G•×M ϕ−→ F¯(N)G•×M −→ 0. (7)
This induces a long exact sequence of cohomology groups:
· · · // Hm−1(G•×M,F(N)) ϕ // Hm−1(G•×M, F¯(N))
// Hm(G•×M,F 1F(N)) // Hm(G•×M,F(N)) ϕ // Hm(G•×M, F¯(N))
// Hm+1(G•×M,F 1F(N)) // Hm+1(G•×M,F(N)) // · · · .
We denote the Bockstein homomorphism in the exact sequence above by
β : Hm(G• ×M, F¯(N)) −→ Hm+1(G• ×M,F 1F(N)).
Because Gi ×M is assumed to admit a partition of unity for each i, the co-
homology Hm(G• × M,F 1F(N)) is computed as the mth cohomology of the
double complex (Li,j , ∂, d˜) given by
Li,j =
{
F 1Aj(Gi ×M), (1 ≤ j ≤ N),
0, otherwise.
(8)
As is clear, Hm(G•×M,F 1F(N)) is a vector space over R. Since F 1Aj(M) = 0,
we have Hm(G• ×M,F 1F(N)) = 0 for m = 0, 1.
In the reminder, we expressHm(G•×M,F 1F(N)) in a more accessible style.
Let g be the Lie algebra of G, g∗ its dual space, 〈 | 〉 : g ⊗ g∗ → R the natural
contraction, and Aq(M, g∗) the vector space of g∗-valued q-forms onM . By the
(co)adjoint, the Lie group G acts on g∗ by left:
〈X |Adgf〉 = 〈Adg−1X |f〉,
where X ∈ g, f ∈ g∗ and g ∈ G. This induces a left action of G on Aq(M, g∗).
On the other hand, the left action of G onM induces a right action on Aq(M, g∗)
by the pull-back: ξ 7→ g∗ξ for ξ ∈ Aq(M, g∗).
Lemma 2.7 ([20]). There are isomorphisms
H2(G• ×M,F 1F(1)) ∼= {µ ∈ A0(M, g∗)| g∗µ = Adgµ} ,
H2(G• ×M,F 1F(2)) ∼= {µ ∈ A0(M, g∗)| g∗µ = Adgµ, dµ = 0}.
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Proof. We only give maps inducing the isomorphisms in this lemma, and refer
the reader to [20] for detail. Because F 1A1(M) = F 1A2(M) = 0, we have
H2(G• ×M,F 1F(1)) = {α ∈ F 1A1(G×M)| ∂α = 0},
H2(G• ×M,F 1F(2)) = {α ∈ F 1A1(G×M)| ∂α = 0, dα = 0} .
For α ∈ F 1A1(G×M), we define µ ∈ A0(M, g∗) by 〈X |µ(x)〉 = α((e, x);X ⊕ 0),
where x ∈ M and X ∈ g = TeG. Then the assignment α 7→ f gives the
isomorphisms.
Corollary 2.8 ([20]). If [g, g] = g, then H2(G• ×M,F 1F(2)) = 0.
Proof. Suppose that µ ∈ A0(M, g∗) satisfies g∗µ = Adgµ and dµ = 0. By these
relations, we see that 〈[X,Y ]|µ〉 = 0 for all X,Y ∈ g. Thus, if [g, g] = g, then
µ = 0, so that H2(G• ×M,F 1F(2)) = 0.
A map ζ : G→ A0(M, g∗) induces a map G×M → g∗ by (g, x) 7→ ζ(g)(x).
We say that ζ is smooth when the induced one is. Let C∞(G,A0(M, g∗)) be the
vector space of smooth maps ζ : G→ A0(M, g∗).
Lemma 2.9. There is an isomorphism H3(G• ×M,F 1F(2)) ∼= Z/B, where Z
and B are defined by
C = A1(M, g∗)⊕ C∞(G,A0(M, g∗)), (9)
Z =
{
(E, ζ) ∈ C
∣∣∣ g∗E −AdgE = dζ(g),
Adgζ(h) − ζ(gh) + h∗ζ(g) = 0.
}
, (10)
B =

(E, ζ) ∈ C
∣∣∣∣∣
µ ∈ A0(M, g∗),
E = dµ,
ζ(g) = g∗µ− Adgµ.

 . (11)
Proof. Recall that H3(G• ×M,F 1F(2)) is the cohomology of (8). Let [α, β] be
a class in the cohomology, where α ∈ F 1A2(G ×M) and β ∈ F 1A1(G2 ×M).
We define Hβ ∈ F 1A1(G×M) by setting
Hβ((g, x); gX ⊕ V ) = β((g, e, x); 0 ⊕X ⊕ 0),
where we expressed a tangent vector at g ∈ G as gX ∈ TgG using X ∈ TeG = g.
Note that cocycles (α, β) and (α− dHβ, β + ∂Hβ) induce the same cohomology
class. Now we define E ∈ A1(M, g∗) and ζ ∈ C∞(G,A0(M, g∗)) by
〈X |E(x;V )〉 = (α− dHβ)((e, x);X ⊕ 0, 0⊕ V ),
〈X |ζ(g)(x)〉 = (β + ∂Hβ)((e, g, x);X ⊕ 0⊕ 0).
By a lengthy calculation, we can see that the cocycle condition for (α, β) implies
that (E, ζ) belongs to Z. We next consider the cochain (α, β) of the form
(α, β) = (−dγ, ∂γ) for an element γ ∈ F 1A1(G ×M). In this case, we define
µ ∈ A0(M, g∗) by
〈X |µ(x)〉 = γ((e, x);X ⊕ 0).
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By means of µ above, we can show that the (E, ζ) ∈ Z defined by (α, β) belongs
to B. Therefore we obtain a well-defined homomorphism
Φ : H3(G• ×M,F 1F(2)) −→ Z/B
by Φ([α, β]) = [E, ζ]. In order to prove that Φ is an isomorphism, it suffices to
construct the inverse homomorphism. For (E, ζ) ∈ C we define α ∈ F 1A2(G×M)
and β ∈ F 1A1(G2 ×M) by
α((g, x); gX ⊕ V, gX ′ ⊕ V ′) = 〈X |E(x;V ′)〉 − 〈X ′|E(x;V )〉
+ 〈[X,X ′]|ζ(e)(x)〉,
β((g1, g2, x); g1X1 ⊕ g2X2 ⊕ V ) = 〈X1|ζ(g2)(x)〉.
If (E, ζ) belongs to Z, then (α, β) is a cocycle. Suppose that (E, ζ) is expressed
as in (11) by a function µ ∈ A0(M, g∗). Then we define γ ∈ F 1A1(G×M) by
γ((g, x); gX ⊕ V ) = 〈X |µ(x)〉.
We can verify that the (α, β) defined by (E, ζ) is of the form (−dγ, ∂γ). There-
fore we obtain a homomorphism Ψ : Z/B → H3(G•×M,F 1F(2)) by Ψ([E, ζ]) =
[α, β]. Note that, if (E, ζ) ∈ Z, then we have
〈[X,X ′]|ζ(e)(x)〉 = 〈X |E(x;X ′∗)〉 − 〈X |dζ((e, x);X ′ ⊕ 0)〉.
Thus, we can see that Ψ is the inverse of Φ.
Corollary 2.10. If G is compact, then we can take a cocycle of the form (E, 0) ∈
Z as a representative of a class in H3(G• ×M,F 1F(2)) ∼= Z/B.
Proof. Suppose that a cocycle (E, ζ) ∈ Z is given. Because G is compact, we
can take an invariant measure dg on G. We assume that the measure is nor-
malized. By the cocycle condition for ζ, we have ζ(h) = Adh(Ad(gh)−1ζ(gh))−
h∗(Adg−1ζ(g)). Thus, if we define µ ∈ A0(M, g∗) by µ =
∫
g∈GAdg−1ζ(g)dg,
then ζ(h) = Adhµ− h∗µ, so that [E, ζ] = [E + dµ, 0].
3 Bundle gerbes
In this section, we define bundle gerbes [27, 28], following Meinrenken’s formu-
lation [26]. We also recall some basic properties of bundle gerbes.
3.1 A complex with no cohomology
Let M be a smooth manifold. Suppose that we have the other manifold Y and
a surjective submersion π : Y → M admitting local sections. The p-fold fiber
product of π : Y →M is defined by Y [p] = {(y1, . . . , yp)| π(y1) = · · · = π(yp)},
and the projections πi : Y
[p] → Y [p−1], (i = 1, . . . , p) by omitting the ith factor.
We define a homomorphism δ : Aq(Y [p−1])→ Aq(Y [p]) by δ =∑pi=1(−1)i−1π∗i .
It is easy to verify that δδ = 0.
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Lemma 3.1 ([27]). For q ≥ 0, the following sequence is exact:
0→ Aq(M) π∗→ Aq(Y ) δ→ Aq(Y [2]) δ→ Aq(Y [3]) δ→ · · · .
When a principal T-bundle P → Y [p] is given, we define a principal T-bundle
δP → Y [p+1] by setting δP = π∗1P ⊗π∗2P⊗−1⊗π∗3P ⊗· · ·⊗π∗pP⊗(−1)
p−1
. Notice
that δδP → Y [p+2] is canonically isomorphic to the trivial T-bundle over Y [p+2].
In the sequel, similar notations will be used often: a section s : Y [p] → P induces
δs : Y [p+1] → δP , and a connection ∇ ∈ √−1A1(P ) on P induces a connection
δ∇ on δP .
3.2 Bundle gerbes
Definition 3.2 ([27, 28]). A bundle gerbe G = (Y, P, s) over M consists of a
surjective submersion π : Y →M admitting local sections, a principal T-bundle
P → Y [2], and a section s : Y [3] → δP such that δs = 1.
For a bundle gerbe G = (Y, P, s), the inverse G⊗−1 to G is defined by
(Y, P⊗−1, s⊗−1). When G′ = (Y ′, P ′, s′) is the other bundle gerbe, the prod-
uct G ⊗ G′ is defined by (Y ×π Y ′, P ⊗ P ′, s ⊗ s′), where Y ×π Y ′ → M is the
fiber product of Y and Y ′.
In [26], trivializations for bundle gerbes are called “pseudo line bundles.”
(The notion of pseudo line bundles appears in [9] as trivializations for a cer-
tain gerbes.) As principal T-bundles are used in Definition 3.2, we introduce
trivializations for bundle gerbes by the name of “pseudo T-bundles.”
Definition 3.3 ([27, 28]). A pseudo T-bundle (R, v) for a bundle gerbe G =
(Y, P, s) consists of a principal T-bundle R → Y , and a section v : Y [2] →
δR⊗−1 ⊗ P such that δv = s.
A bundle gerbe admitting a pseudo T-bundle is said to be trivial.
For a bundle gerbe G, there exists a cohomology class δ(G) ∈ H2(M,T) ∼=
H3(M,Z) called the Dixmier-Douady class of G. Under the inverse and the
product, the class behaves as δ(G⊗−1) = −δ(G) and δ(G ⊗ G′) = δ(G) + δ(G′).
Proposition 3.4 ([27]). A bundle gerbe G is trivial if and only if δ(G) = 0.
For bundle gerbes, there are two notions of equivalence: isomorphism and
stable isomorphism. The former notion is stronger than the latter.
Definition 3.5 ([27, 28]). Let G = (Y, P, s) and G′ = (Y ′, P ′, s′) be bundle
gerbes over M .
(a) We define an isomorphism from G to G′ by a pair (ϕ, ϕ˜) consisting of a
fiber preserving diffeomorphism ϕ : Y → Y ′ and an isomorphism of T-bundles
ϕ˜ : P → P covering ϕ[2] : Y [2] → (Y ′)[2] such that δϕ˜ ◦ s = s′ ◦ ϕ[3]. Here
we denote by ϕ[p] : Y [p] → (Y ′)[p] the natural map induced from ϕ, and by
δϕ˜ : δP → δP ′ the isomorphism of T-bundles induced from ϕ˜.
(b) We define a stable isomorphism from G to G′ by a pseudo T-bundle (R, v)
for G⊗−1 ⊗ G′.
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By the behavior of the Dixmier-Douady class under the inverse and the
product, G and G′ are stably isomorphic if and only if δ(G) = δ(G′). Using this
fact, we can see that the stable isomorphism is indeed an equivalence relation on
bundle gerbes. Since isomorphic bundle gerbes have the same Dixmier-Douady
class, they are stably isomorphic. However, there are bundle gerbes which are
stably isomorphic but not isomorphic [27].
Note that the stable isomorphism classes of bundle gerbes constitute a group
by the product and the inverse.
Proposition 3.6 ([28]). The assignment G 7→ δ(G) induces an isomorphism
from the group of stable isomorphism classes of bundle gerbes over M to the
cohomology group H2(M,T) ∼= H3(M,Z).
Let Φ :M ′ →M be a smooth map. If π : Y →M is a surjective submersion
admitting local sections, then so is the natural map Φ∗Y → M ′. Clearly, we
have (Φ∗Y )[p] = Φ∗(Y [p]). For a bundle gerbe G = (Y, P, s) over M , the pull-
back Φ∗G is defined to be (Φ∗Y, (Φ˜[2])∗P, (Φ˜[3])∗s), where Φ˜[p] : Φ∗Y [p] → Y [p]
is the natural map covering Φ :M ′ →M . The pull-back of a pseudo T-bundle
is also defined in a similar way: let (R, v) be a pseudo T-bundle for G. Then
(Φ˜∗R, (Φ˜[2])∗v) is a pseudo T-bundle for Φ∗G, which we denote by Φ∗(R, v). We
note that the Dixmier-Douady class is natural under the pull-back operation.
3.3 Connection, curving and 3-curvature
Definition 3.7 ([27, 28]). Let G = (Y, P, s) be a bundle gerbe over M .
(a) A bundle gerbe connection (or connection, for short) ∇ on G is a connec-
tion ∇ ∈ √−1A1(P ) on the principal T-bundle P such that s∗(δ∇) = 0.
(b) A bundle gerbe curving (or curving, for short) f for ∇ is a 2-form f ∈√−1A2(Y ) such that δf = F (∇), where F (∇) is the curvature of ∇.
(c) The 3-curvature Ω of a bundle gerbe G with a connection∇ and a curving
f is the unique 3-form Ω ∈ √−1A3(M) such that π∗Ω = df .
As is known [27], there always exists a connection on a bundle gerbe given,
and a curving for a connection given. In general, there are various choices of
a connection and a curving. For example, if f is a curving for ∇, then so is
f + π∗σ, where σ ∈ √−1A2(M).
The inverse and the product for bundle gerbes with connection and curving
are defined in a similar way: (G,∇, f)⊗−1 = (G⊗−1,∇⊗−1,−f), (G,∇, f) ⊗
(G′,∇′, f ′) = (G ⊗ G′,∇⊗∇′, f + f ′).
Definition 3.8 ([27, 28]). Let (G,∇) be a bundle gerbe with connection over
M , and (R, v) a pseudo T-bundle for G = (Y, P, s). We define a connection η
on (R, v) to be a connection η ∈ √−1A1(R) on the principal T-bundle R such
that v∗(δη⊗−1 ⊗∇) = 0.
A bundle gerbe with connection and curving (G,∇, f) is said to be trivial if
it admits a pseudo T-bundle (R, v) with a connection η such that F (η) = f .
14
For a bundle gerbe with connection and curving (G,∇, f) over M , there
exists a cohomology class δ(G,∇, f) ∈ H2(M,F(2)). Under the inverse and the
product, this class behaves as δ((G,∇, f)⊗−1) = −δ(G,∇, f) and δ((G,∇, f) ⊗
(G′,∇′, f ′)) = δ(G,∇, f) + δ(G′,∇′, f ′).
Proposition 3.9 ([27]). A bundle gerbe with connection and curving (G,∇, f)
is trivial if and only if δ(G,∇, f) = 0.
Definition 3.10 ([27, 28]). Let (G,∇, f) and (G′,∇′, f ′) be bundle gerbes
with connection and curving over M .
(a) We define an isomorphism from (G,∇, f) to (G′,∇′, f ′) by an isomor-
phism (ϕ, ϕ˜) : G → G′ such that ϕ˜∗∇′ = ∇ and ϕ∗f ′ = f .
(b) We define a stable isomorphism from (G,∇, f) to (G′,∇′, f ′) by a pseudo
T-bundle (R, v) with a connection η for (G,∇, f)⊗−1 ⊗ (G′,∇′, f ′) such that
F (η) = f ′ − f .
Proposition 3.11 ([28]). The assignment G 7→ δ(G,∇, f) induces an iso-
morphism from the group of stable isomorphism classes of bundle gerbes with
connection and curving over M to H2(M,F(2)).
In Proposition 2.2 (b), we have two surjections H2(M,F(2))→ A3(M)0 and
H2(M,F(2))→ H3(M,Z). The image of δ(G,∇, f) under the first surjection is
−1
2π
√−1Ω, where Ω is the 3-curvature of (G,∇, f). The image under the second
surjection is the Dixmier-Douady class δ(G).
As is noticed, we have a choice of a curving for a bundle gerbe connec-
tion. Let i : A2(M)/A2(M)0 → H2(M,F(2)) be the injection in the second
exact sequence in Proposition 2.2 (b). For a 2-form σ ∈ √−1A2(M), we have
δ(G,∇, f + π∗σ) = δ(G,∇, f) + i( −1
2π
√−1σ). Hence Proposition 3.9 leads to:
Corollary 3.12. The bundle gerbes with connection and curving (G,∇, f) and
(G,∇, f + π∗σ) are stably isomorphic if and only if there exists a connection η
on a principal T-bundle R→M such that F (η) = σ.
The notion of the pull-back of bundle gerbes with connection and curving
is defined in the same manner as that of bundle gerbes. The class δ(G,∇, f) is
also natural under the pull-back operation.
4 Equivariant bundle gerbes
In this section, we introduce the notion of equivariant bundle gerbes formulated
by Meinrenken [26]. As is mentioned in Section 1, the notion includes strongly
equivariant bundle gerbes, i.e. the equivariant bundle gerbes studied by Mathai
and Stevenson [25]. We also give the definition of strongly equivariant bundle
gerbes, and explain the relation with equivariant bundle gerbes.
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4.1 Differential forms in the direction of M
Let M be a smooth manifold on which a Lie group G acts by left. Usually, we
do not assume G to be compact. In order to define equivariant bundle gerbe,
we use the simplicial manifold G• ×M = {Gp ×M}p≥0.
Let Y• = {Yp}p≥0 be the other simplicial manifold. We denote by π : Y• →
G• × M a simplicial surjective submersion admitting local sections, that is,
a sequence {Yp → Gp × M}p≥0 of surjective submersions which admit local
sections for each p and are compatible with the face and degeneracy maps of Y•
and G• ×M . Note that local sections are not required to be compatible with
the face and degeneracy maps.
If π : Y• → G• ×M is such, then the sequence Y [q]• = {Y [q]p }p≥0 becomes
a simplicial manifold in a natural way. For a principal T-bundle P → Y [q]p we
define a principal T-bundle ∂P → Y [q]p+1 by ∂P = ∂∗0P ⊗ ∂∗1P⊗−1 ⊗ ∂∗2P ⊗ · · · ⊗
∂∗p+1P
⊗(−1)p+1 , where ∂i : Y
[q]
p+1 → Y [q]p is the face map. It is easy to see that
∂∂P → Y [q]p+2 is canonically isomorphic to the trivial bundle. Similar notations
will be used for connections, sections, etc.
Remark 2. The family {Y [q+1]p }p,q≥0 forms a bi-simplicial manifold. In [26], an
equivariant bundle gerbe is defined in terms of the bi-simplicial manifold. To
see the similarity between the definition of equivariant bundle gerbes and that
of equivariant gerbes [7], we use this fact rather implicitly.
As we see in Section 2, we have the subgroup F 1Ak(Gp×M) of Ak(Gp×M)
for each p. We define the group Ak(Gp ×M)rel of relative k-forms with respect
to the fibration Gp × M → Gp × pt, or k-forms in the direction of M , by
Ak(Gp×M)rel = Ak(Gp×M)/F 1Ak(Gp×M). We write [ω]rel ∈ Ak(Gp×M)rel
for the element represented by ω ∈ Ak(Gp ×M).
It is worth while to note that ω ∈ Ak(M) is G-invariant if and only if
[∂ω]rel = 0 in A
k(G ×M)rel. On the other hand, ω ∈ Ak(M) is G-invariant
and vanishes in the direction of G, if and only if ∂ω = 0 in Ak(G×M).
Let π : Yp → Gp ×M be a surjective submersion admitting local sections.
Since π∗ : Ak(Gp×M)→ Ak(Y [q]p ) is injective, we can regard F 1Ak(Gp×M) as a
subgroup of Ak(Y
[q]
p ). We define the group Ak(Y
[q]
p )rel by setting A
k(Y
[q]
p )rel =
Ak(Y
[q]
p )/F 1Ak(Gp ×M).
Let P → Y [q]p be a principal T-bundle, and A(P ) the space of connections
on P . Because A(P ) is an affine space under A1(Y [q]p ), we define the space
A(P )rel of relative connections on P by A(P )rel = A(P )/F 1A1(Gp ×M). It
is clear that A(P )rel is an affine space under A1(Y [q]p )rel. For ∇ ∈ A(P ), we
write [∇]rel ∈ A(P )rel and call it a relative connection. The curvature of [∇]rel
is defined to be F ([∇]rel) = [F (∇)]rel ∈
√−1A2(Y [q]p )rel.
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4.2 Equivariant bundle gerbes
We introduce here equivariant bundle gerbes formulated by Meinrenken [26].
However, bi-simplicial manifolds are not used, and the definition of connections
is slightly different.
Definition 4.1 ([26]). Let G be a Lie group acting on a smooth manifold M .
(a) A G-equivariant bundle gerbe GG over a manifold M consists of the
following data: a simplicial manifold Y• = {Yp}p≥0 with a simplicial surjective
submersion π : Y• → G• × M which admits local sections; a bundle gerbe
(Y0, P, s); a pseudo T-bundle (Q, t) for (Y1, ∂P, ∂s); a section u : Y2 → ∂Q such
that δu = ∂t⊗−1 and ∂u = 1. We write GG = (Y•, (Y0, P, s), (Q, t), u).
(b) A (G-invariant) connection ∇G on a G-equivariant bundle gerbe GG
consists of the following data: a connection ∇ on (Y0, P, s); a relative connection
Drel on the principal T-bundle Q→ Y1 such that t∗(δD⊗−1rel ⊗ [∂∇]rel) = 0 and
u∗(∂Drel) = 0. We write ∇G = (∇, Drel).
(c) A (G-invariant) curving f for a connection ∇G = (∇, Drel) is defined to
be a curving f for ∇ such that F (Drel) = [∂f ]rel.
We often mean an “equivariant bundle gerbe with invariant connection and
invariant curving” by an “equivariant bundle gerbe with connection and curv-
ing.” (We drop the word “invariant” for brevity.)
If G is compact, then each equivariant bundle gerbe admits invariant con-
nections and invariant curvings [26]. The choice of invariant connections and
invariant curvings are not unique.
When (GG,∇G, f) is aG-equivariant bundle gerbe with connection and curv-
ing over M , the 3-curvature Ω of the curving f is a closed G-invariant 3-form.
As in the case of ordinary bundle gerbes, the inverse and the product are
defined in a similar fashion.
Definition 4.2 ([26]). Let GG = (Y•, (Y0, P, s), (Q, t), u) be a G-equivariant
bundle gerbe over M equipped with a G-invariant connection ∇G = (∇, Drel).
(a) A (G-equivariant) pseudo T-bundle for GG is defined to be a pseudo T-
bundle (R, v) for (Y0, P, s) together with a section r : Y1 → ∂R ⊗ Q⊗−1 such
that δr = ∂v⊗−1 ⊗ t and ∂r = u⊗−1.
(b) A (G-invariant) connection on ((R, v), r) is defined to be a connection
η on (R, v) such that r∗([∂η]rel ⊗D⊗−1rel ) = 0.
A G-equivariant bundle gerbe with connection and curving (GG,∇G, f) is
said to be trivial if it admits a G-equivariant pseudo T-bundle together with a
G-invariant connection η such that F (η) = f .
Definition 4.3. We define a stable isomorphism between G-equivariant bundle
gerbes with connection and curving (GG,∇G, f) and (G′G,∇′G, f ′) over M to be
a pseudo T-bundle with connection ((R, v), r) for (GG,∇G, f)⊗ (G′G,∇′G, f ′)⊗−1
equipped with a G-invariant connection η such that F (η) = f − f ′.
Let G and G′ be Lie groups acting on smooth manifolds M and M ′, respec-
tively. If we have a homomorphism φ : G′ → G and a map Φ : M ′ → M com-
patible with the actions, then we naturally obtain a simplicial map G′•×M ′ →
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G• ×M . We also denote this simplicial map by Φ. For a G-equivariant bundle
gerbe GG = (Y•, (Y0, P, s), (Q, t), u) overM , the pull-back Φ∗GG is defined to be
(Φ∗Y•,Φ∗(Y0, P, s),Φ∗(Q, t),Φ∗u). This is a G′-equivariant bundle gerbe over
M ′. In addition, a G-invariant connection ∇G on GG induces a G′-invariant
connection Φ∗∇G on Φ∗GG, and a G-invariant curving f for ∇G a G′-invariant
curving Φ∗f for Φ∗∇G.
4.3 Strongly equivariant bundle gerbes
LetM be a smooth manifold with a left action of a Lie group G, and π : Y →M
a surjective submersion admitting a local section. Suppose that the action
of G on M lifts to that on Y . In this case, we have a natural action of G
on the fiber product Y [p] compatible with the projections π : Y [p] → M and
πi : Y
[p] → Y [p−1].
Definition 4.4 ([25]). Let G be a Lie group acting on a smooth manifold M .
(a) A bundle gerbe (Y, P, s) is said to be strongly G-equivariant if the fol-
lowing holds: the action of G lifts to that on Y ; the action of G on Y [2] lifts
to that on the principal T-bundle P → Y [2] by bundle isomorphisms; and the
section s : Y [3] → δP is G-invariant.
(b) A (G-invariant) connection on a strongly G-equivariant bundle gerbe
(Y, P, s) is defined to be a connection ∇ on (Y, P, s) which is G-invariant as a
1-form on P .
(c) A (G-invariant) curving for a G-invariant connection ∇ on a strongly
G-equivariant bundle gerbe (Y, P, s) is defined to be a curving f for ∇ which is
G-invariant as a 2-form on Y .
Lemma 4.5 ([26]). (a) A strongly G-equivariant bundle gerbe G over M in-
duces a G-equivariant bundle gerbe GG over M .
(b) A G-invariant connection ∇ on G induces a G-invariant connection ∇G
on the induced G-equivariant bundle gerbe GG.
(c) There exists a one to one correspondence between G-invariant curvings
for ∇ and those for ∇G.
Proof. For (a), let G = (Y, P, s) be a strongly G-equivariant bundle gerbe over
M . Then we have a simplicial manifold G• × Y and a simplicial surjective
submersion π : G• × Y → G• ×M which admits local sections. We define a
section t : G× Y [2] → ∂P by t(g, y1, y2) = p12⊗ (gp12)⊗−1, where p12 is a point
on the fiber of P at (y1, y2) ∈ Y [2]. As is known [7], the section obeys ∂t = 1,
since P is G-equivariant. Because s is G-invariant, we have δt = ∂s. Thus, if
we put Y• = G• × Y , Q = Y1 × T and u = 1, then GG = (Y•, (Y, P, s), (Q, t), u)
is a G-equivariant bundle gerbe in the sense of Definition 4.1.
For (b), observe that a G-invariant connection ∇ on the G-equivariant
T-bundle P → Y [2] is the same thing as a connection ∇ on P such that
[t∗(∂∇)]rel = 0. If we take a relative connection Drel on the trivial bundle
Q to be the trivial connection, then ∇G = (∇, Drel) is a connection on GG in
the sense of Definition 4.1.
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For (c), recall that a 2-form f on Y is G-invariant if and only if [∂f ]rel = 0.
Since we have F (Drel) = 0, a G-invariant curving for ∇ is the same thing as a
G-invariant curving for ∇G.
We remark that invariant connections on a strongly equivariant bundle gerbe
G are not in one to one correspondence with those on GG generally.
In the same way as the ordinary bundle gerbes, we can define the product
and the inverse for strongly equivariant bundle gerbes. Under these operations,
strongly equivariant bundle gerbes are closed. We can readily see that these
operations are compatible with the constructions in Lemma 4.5. The same
thing holds, when we take connections and curvings into account.
Definition 4.6. Let G be a strongly G-equivariant bundle gerbe over M , and
∇ a G-invariant connection on G.
(a) We define a (G-equivariant) pseudo T-bundle for G to be a pseudo T-
bundle (R, v) for G (regarded as an ordinary bundle gerbe) such that R is a
G-equivariant T-bundle and v is a G-invariant section.
(b) We define a (G-invariant) connection on a G-equivariant pseudo T-
bundle (R, v) for G to be a connection η on (R, v) which is G-invariant as a
1-form on R.
Lemma 4.7. Let (G,∇) be a strongly G-equivariant bundle gerbe with connec-
tion over M , and (GG,∇G) the G-equivariant bundle gerbe with connection in-
duced from (G,∇). There is a one to one correspondence between G-equivariant
pseudo T-bundles with connection for (G,∇) and those for (GG,∇G).
Proof. Let (R, v) be a G-equivariant pseudo T-bundle for G equipped with a
G-invariant connection η. We define a section r : G × Y → ∂R by r(g, y) =
p ⊗ (gp)⊗−1, where p ∈ R is a point on the fiber at y. Then we have ∂r = 1
and [r∗∂η]rel = 0. By means of the G-invariance of the section v, we can see
δr = ∂v⊗−1. Hence ((R, v), r) gives rise to a G-equivariant pseudo T-bundle for
GG, and η is a G-invariant connection on ((R, v), r). Conversely, let ((R, v), r) is
a G-equivariant pseudo T-bundle for GG equipped with a G-invariant connection
η. The conditions ∂r = 1 and [r∗∂η]rel = 0 mean that (R, η) is a G-equivariant
T-bundle with G-invariant connection. The condition δr = ∂v⊗−1 implies the
G-invariance of the section v.
A stronglyG-equivariant bundle gerbe with connection and curving (G,∇, f)
over M is said to be trivial, when it admits a G-equivariant pseudo T-bundle
(R, v) equipped with a G-invariant connection η such that F (η) = f . As a
direct consequence of Lemma 4.7, (G,∇, f) is trivial if and only if the induced
G-equivariant bundle gerbe with connection and curving (GG,∇G, f) is trivial.
Definition 4.8. Let (G,∇, f) and (G′,∇′, f ′) be strongly G-equivariant bundle
gerbes with connection and curving. A stable isomorphism from (G,∇, f) to
(G′,∇′, f ′) is defined to be a G-equivariant pseudo T-bundle with connection
((R, v), η) for (G,∇, f)⊗−1 ⊗ (G′,∇′, f ′) such that F (η) = f ′ − f .
The following is also a consequence of Lemma 4.7.
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Lemma 4.9. (G,∇, f) and (G′,∇′, f ′) are stably isomorphic if and only if the
induced ones are.
Let G and G′ be Lie groups acting on smooth manifolds M and M ′, re-
spectively. We also let φ : G′ → G be a homomorphism, and Φ : M ′ → M a
map compatible with the group actions. When G = (Y, P, s) is a strongly G-
equivariant bundle gerbe over M , the pull-back Φ∗G = (Φ∗Y, (Φ˜[2])∗P, (Φ˜[3])∗s)
becomes a strongly G′-equivariant bundle gerbe overM ′ through the homomor-
phism φ.
We denote by (Φ∗G)G′ the G′-equivariant bundle gerbe induced from Φ∗G.
Because we can identify Φ∗(G• × Y ) with G′• × Φ∗Y naturally , we can also
identify (Φ∗G)G′ with Φ∗(GG). In other words, the construction in Lemma 4.5
is compatible with the pull-back operations. The constructions of connections
and curvings are compatible with the pull-back operations as well.
5 Characteristic class
The main purpose of this section is to construct a “characteristic class” for
an equivariant bundle gerbe with connection and curving. We define it as
an element belonging to the equivariant smooth Deligne cohomology group
H2(G• × M, F¯(2)). The cohomology class is a key to the study of the ob-
struction to the reduction, and will be used in the next section.
In view of the aim of this paper, it suffices to consider strongly equivariant
bundle gerbes only. However, we will deal with general equivariant bundle
gerbes, because there is no essential difference in constructing the class.
5.1 Local data
To define a cohomology class inH2(G•×M, F¯(2)) for eachG-equivariant bundle
gerbe with connection and curving over M , we use certain local data. Although
there does not generally exist a pseudo T-bundle for an equivariant bundle gerbe,
it exists locally. Such local pseudo T-bundles constitute local data. The char-
acteristic class will be defined as the obstruction to gluing local data together
to construct a pseudo T-bundle globally. (We can find this idea in [7].)
Let U• = {U (p) = {U (p)α }α∈A(p)}p≥0 be an open cover of G• ×M . For an
equivariant bundle gerbe GG = (Y•, (Y0, P, s), (Q, t), u) equipped with a connec-
tion ∇G = (∇, Drel) and a curving f , we consider the following data (i)–(iii).
(i). For α ∈ A(0), a pseudo T-bundle (Rα, vα) for (Y0, P, s)|U(0)α and a connec-
tion ηα on (Rα, vα).
(ii). For α, β ∈ A(0) such that U (0)αβ = ∅, a section wαβ : Y0|U(0)
αβ
→ Rα ⊗R⊗−1β
satisfying δwαβ = v
⊗−1
α ⊗ vβ on Y [2]0 |U(0)
αβ
.
(iii). For α ∈ A(1), a section rα : Y1|U(1)α → ∂Rα ⊗ Q
⊗−1 such that δrα =
∂v⊗−1α ⊗ t on Y [2]1 |U(1)α .
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We make a remark on the notation ∂Rα above. By the hypothesis, we have
the following commutative diagram for i = 0, 1:
Y1|U(1)α
∂i //

Y0|U(0)
∂i(α)

U
(1)
α
∂i // U
(0)
∂i(α)
.
We mean by ∂Rα the principal T-bundle ∂
∗
0R∂0(α)⊗ ∂∗1R⊗−1∂1(α) over Y1|U(1)α . The
meaning of ∂vα is the same.
Lemma 5.1. Let U• = {U (p)}p≥0 be an open cover of G• × M . For p =
0, 1 we suppose that U (p) is a sufficiently fine good cover of Gp ×M so that
we can take local sections ψ
(p)
α : U
(p)
α → Yp|U(p)α . Then there exist local data{(Rα, vα), ηα, wαβ , rα} for (GG,∇G, f).
We remark that ψ
(0)
α and ψ
(1)
α are not necessarily compatible with the face
maps. (If G is compact, then we can take such compatible sections [26].) We
also remark that, for an open cover U• given, we can construct an refinement
of U• which satisfies the assumption in the lemma above.
Proof. Using a local section ψ
(0)
α : U
(0)
α → Y0|U(0)α , we define, for p ≥ 1, a map
(i12···p, ψ(0)α ◦ π) : Y [p]0 |U(0)α −→ Y
[p+1]
0 |U(0)α
by (y1, . . . , yp) 7→ (y1, . . . , yp, ψ(0)α ◦ π(y1)). For p > 1, these maps satisfy
πi ◦ (i12···p, ψ(0)α ◦ π) =
{
(i12···p−1, ψ
(0)
α ◦ π) ◦ πi, (i = 1, . . . , p),
id, (i = p+ 1).
Now we define a principal T-bundle by Rα = (i1, ψ
(0)
α ◦ π)∗P⊗−1. Then a
section vα : Y
[2]
0 |U(0)α → δR⊗−1α ⊗P is obtained by setting vα = (i12, ψ
(0)
α ◦ π)∗s.
A computation shows that (i123, ψ
(0)
α ◦ π)∗δs = δvα ⊗ s⊗−1. Thus, δs = 1
leads to δvα = s, and we have constructed a pseudo T-bundle (Rα, vα) for each
α. We also define a connection ηα on Rα by ηα = (i1, ψ
(0)
α ◦ π)∗∇. Because
v∗α(δη
⊗−1
α ⊗∇) = (i12, ψ(0)α ◦ π)∗(s∗(δ∇)), we have a connection ηα on (Rα, vα).
Next, we suppose that U
(0)
αβ = U
(0)
α ∩ U (0)β is not empty. We take sections
ψ
(0)
α : U
(0)
α → Y0|U(0)α and ψ
(0)
β : U
(0)
β → Y0|U(0)
β
. For p ≥ 1 we define a map
(i12···p, ψ(0)α ◦ π, ψ(0)β ◦ π) : Y [p]0 |U(0)
αβ
−→ Y [p+2]0 |U(0)
αβ
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by (y1, . . . , yp) 7→ (y1, . . . , yp, ψ(0)α ◦ π(y1), ψ(0)β ◦ π(y1)). This map satisfies
πi◦(i12···p, ψ(0)α ◦π, ψ(0)β ◦π) =


(i12···p−1, ψ
(0)
α ◦ π, ψ(0)β ◦ π) ◦ πi, (i = 1,.., p),
(i12···p, ψ
(0)
β ◦ π), (i = p+ 1),
(i12···p, ψ
(0)
α ◦ π), (i = p+ 2),
In the case of p = 1, the relation above gives a canonical isomorphism
(i1, ψ
(0)
α ◦ π, ψ(0)β ◦ π)∗δP = π∗(ψ(0)α , ψ(0)β )∗P ⊗Rβ ⊗R⊗−1α .
By the assumption, U
(0)
αβ is a contractible open set. Hence we take a section
σαβ : U
(0)
αβ → (ψ(0)α , ψ(0)β )∗P , and define a section wαβ : Y0|U(0)
αβ
→ Rα ⊗ R⊗−1β
by setting wαβ = (π
∗σαβ) ⊗ (i1, ψ(0)α ◦ π, ψ(0)β ◦ π)∗s⊗−1. By a calculation, we
obtain (i12, ψ
(0)
α ◦ π, ψ(0)β ◦ π)∗δs⊗−1 = δwαβ ⊗ vα ⊗ v⊗−1β . Because δs = 1, we
have constructed a section wαβ such that δwαβ = v
⊗−1
α ⊗ vβ .
Finally, we construct a section rα : Y1|U(1)α → ∂Rα ⊗Q⊗−1 such that δrα =
∂v⊗−1α ⊗ t on Y [2]1 |U(1)α for α ∈ A(1). Let ψ
(1)
α : U
(1)
α → Y1|U(1)α be a local section.
We define a map
(i1, ψ
(1)
α ◦ π) : Y [p]1 |U(1)α −→ Y
[p+1]
1 |U(1)α
by y1 7→ (y1, ψ(1)α ◦ π(y1)). For i = 0, 1 we also define a map
(i1 ◦ ∂i, ψ(0)∂i(α) ◦ ∂i ◦ π, ∂i ◦ ψ(1)α ◦ π) : Y1|U(1)α −→ Y
[3]
0 |U(0)
∂i(α)
by y 7→ (∂i(y), ψ(0)∂i(α) ◦ ∂i ◦ π(y), ∂i ◦ ψ
(1)
α ◦ π(y)). By computations, we obtain
the following canonical isomorphism:
Q⊗−1 ⊗ ∂Rα ∼= (i1, ψ(1)α ◦ π)∗(δQ⊗ ∂P⊗−1)
⊗ (i1 ◦ ∂0, ψ(0)∂0(α) ◦ ∂0 ◦ π, ∂0 ◦ ψ(1)α ◦ π)∗δP⊗−1
⊗ (i1 ◦ ∂1, ψ(0)∂1(α) ◦ ∂1 ◦ π, ∂1 ◦ ψ(1)α ◦ π)∗δP
⊗ π∗(ψ(1)α )∗Q⊗−1
⊗ π∗(ψ(0)∂0(α) ◦ ∂0, ∂0 ◦ ψ(1)α )∗P
⊗ π∗(ψ(0)∂1(α) ◦ ∂1, ∂1 ◦ ψ(1)α )∗P⊗−1.
By the assumption, we can take a section τα of the principal T-bundle
(ψ(1)α )
∗Q⊗−1 ⊗ (ψ(0)∂0(α) ◦ ∂0, ∂0 ◦ ψ(1)α )∗P ⊗ (ψ
(0)
∂1(α)
◦ ∂1, ∂1 ◦ ψ(1)α )∗P⊗−1
over U
(1)
α . Now we have a section rα : Y1|U(1)α → ∂Rα ⊗Q⊗−1 by setting
rα = (i1, ψ
(1)
α ◦ π)∗t⊗−1 ⊗ (i1 ◦ ∂0, ψ(0)∂0(α) ◦ ∂0 ◦ π, ∂0 ◦ ψ(1)α ◦ π)∗s⊗−1
⊗ (i1 ◦ ∂1, ψ(0)∂1(α) ◦ ∂1 ◦ π, ∂1 ◦ ψ(1)α ◦ π)∗s⊗ π∗τα.
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To show that rα satisfies δrα = ∂v
⊗−1
α ⊗ t, we define for i = 0, 1 a map
(i12 ◦ ∂i, ψ(0)∂i(α) ◦ ∂i ◦ π, ∂i ◦ ψ(1)α ◦ π) : Y
[2]
1 |U(1)α −→ Y
[4]
0 |U(1)
∂i(α)
by (y1, y2) 7→ (∂i(y1), ∂i(y2), ψ(0)∂i(α) ◦ ∂i ◦ π(y1), ∂i ◦ ψ
(1)
α ◦ π(y1)). Then we have
πj ◦ (i12 ◦ ∂i, ψ(0)∂i(α) ◦ ∂i ◦ π, ∂i ◦ ψ(1)α ◦ π)
=


(i1 ◦ ∂i, ψ(0)∂i(α) ◦ ∂i ◦ π, ∂i ◦ ψ
(1)
α ◦ π) ◦ πj , (j = 1, 2),
(i12 ◦ ∂i, ∂i ◦ ψ(1)α ◦ π), (j = 3),
(i12 ◦ ∂i, ψ(0)∂i(α) ◦ ∂i ◦ π), (j = 4).
Because δt = ∂s holds, computations show
δrα ⊗ ∂vα ⊗ t⊗−1 = (i12 ◦ ∂0, ψ(0)∂0(α) ◦ ∂0 ◦ π, ∂0 ◦ ψ(1)α ◦ π)∗δs⊗−1
⊗ (i12 ◦ ∂1, ψ(0)∂1(α) ◦ ∂1 ◦ π, ∂1 ◦ ψ(1)α ◦ π)∗δs.
Since δs = 1, we have δrα = ∂v
⊗−1
α ⊗ t.
5.2 Construction
We continue to use the notations in the previous subsection. When local data
{(Rα, vα), ηα, wαβ , rα} are given, we define a cochain
 fαβγθ1αβ , gαβ
θ2α, ω
1
α, hα

 ∈ C2(U•, F¯(2)) = K
0,2,0⊕
K0,1,1 ⊕K1,1,0⊕
K0,0,2 ⊕K1,0,1 ⊕K2,0,0
(12)
by the formulae
π∗fαβγ = wβγ ⊗ w⊗−1αγ ⊗ wαβ , (13)
π∗gαβ = ∂wαβ ⊗ r⊗−1α ⊗ rβ , (14)
π∗hα = u⊗−1 ⊗ ∂r⊗−1α , (15)
π∗θ1αβ =
−1
2π
√−1w
∗
αβ(ηα ⊗ η⊗−1β ), (16)
π∗ω1α =
1
2π
√−1r
∗
α([∂ηα]rel ⊗D⊗−1rel ), (17)
π∗θ2α =
1
2π
√−1(F (ηα)− f). (18)
It is easy to verify that the definition above is well-defined and (12) is a cocycle.
Lemma 5.2. Let us fix an open cover U• = {U (p)}p≥0 of G•×M . Suppose that
U (0) is a good cover of M and that there exists a local section ψα : U (0)α → Y0|U(0)α
for each α ∈ A(0). For (GG,∇G, f), the class in H2(U•, F¯(2)) represented by
(12) is independent of the choices of local data {(Rα, vα), ηα, wαβ , rα}.
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Proof. Let {(R′α, v′α), η′α, w′αβ , r′α} be the other data. First of all, we construct a
section ρα : Y0|U(0)α → Rα⊗R
′⊗−1
α such that δρα = v
⊗−1
α ⊗ v′α as follows. Recall
the map used in the proof of Lemma 5.1:
(i12···p, ψα ◦ π) : Y0|U(p)α −→ Y
[p+1]
0 |U(0)α .
There is a canonical isomorphism
(i1, ψα ◦ π)∗δ(Rα ⊗R′⊗−1α ) = π∗(ψ∗α(R⊗−1α ⊗R′α))⊗ (Rα ⊗R′⊗−1α ).
Since U
(0)
α is contractible by the assumption, there is a section ̺α : U
(0)
α →
ψ∗α(R
⊗−1
α ⊗ R′α). If we define ρα by ρα = π∗̺α ⊗ (i1, ψα ◦ π)∗(v⊗−1α ⊗ vα)⊗−1,
then we have δρα = v
⊗−1
α ⊗ vα.
By means of the section ρα, we can define a cochain(
kαβ
εα, ℓα
)
∈ C1(U•, F¯(2)) = K
0,1,0⊕
K0,0,1 ⊕K1,0,0 (19)
by setting
π∗kαβ = ρα ⊗ ρ⊗−1β ⊗ w⊗−1αβ ⊗ w′αβ ,
π∗ℓα = rα ⊗ r′⊗−1α ⊗ ∂ρ⊗−1α ,
π∗εα =
−1
2π
√−1ρ
∗
α(ηα ⊗ η′⊗−1α ).
Then we can prove that
 f ′αβγθ′1αβ , g′αβ
θ′2α, ω
′1
α, h
′
α

 =

 fαβγθ1αβ, gαβ
θ2α, ω
1
α, hα

 +D( kαβ
εα, ℓα
)
,
where the left hand side is the cocycle given by {(R′α, v′α), η′α, w′αβ , r′α}. Thus,
the resulting cohomology class in H2(U•, F¯(2)) is independent of the choice of
local data.
Proposition 5.3. To a G-equivariant bundle gerbe with connection and curving
(GG,∇G, f) over M we can assign a well-defined cohomology class
δG(GG,∇G, f) ∈ H2(G• ×M, F¯(2)).
Proof. Note that, for a given open cover of G• ×M , we can take a refinement
U• such that U (p) is good for p = 0, . . . , 3. For such an open cover U•, we
have H2(G• × M, F¯(2)) ∼= H2(U•, F¯(2)). By Lemma 5.1 we can take local
data, and obtain the cocycle (12). The cocycle defines a cohomology class
δ(U•) ∈ H2(U•, F¯(2)), which is independent of the choice of local data by
Lemma 5.2.
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Let U ′• be the other open cover such that U ′(p) is good for p = 0, . . . , 3.
Let V• be a common refinement of U• and U ′• such that V(0) is good. We
denote the induced homomorphisms by φ : H2(U•, F¯(2)) → H2(V•, F¯(2)) and
φ′ : H2(U ′•, F¯(2)) → H2(V•, F¯(2)). The local data {(Rα, vα), ηα, wαβ , rα} on
U• induce those on V• which give φ(δ(U•)). Similarly, we obtain local data on
V• which give φ′(δ(U ′•)). Because V(0) is good, we have φ(δ(U•)) = φ′(δ(U ′•))
by Lemma 5.2. This implies that, in H2(G• × M, F¯(2)), the class δ(U•) is
independent of the choice of the open cover U•. By setting δG(GG,∇G, f) =
δ(U•), we complete the proof of this proposition.
Proposition 5.4. Let (GG,∇G, f) and (G′G,∇′G, f ′) be G-equivariant bundle
gerbes with connection and curving over M . We have
δG((GG,∇G, f)⊗−1) = −δG(GG,∇G, f), (20)
δG((GG,∇G, f)⊗ (G′G,∇′G, f ′)) = δG(GG,∇G, f) + δG(G′G,∇′G, f ′). (21)
Proof. This proposition can be shown by fixing a suitable open cover U• of
G• ×M . Let {(Rα, vα), ηα, wαβ , rα} be local data on U• which give the class
δG(GG,∇G, f). Then {(R⊗−1α , v⊗−1α ), η⊗−1α , w⊗−1αβ , r⊗−1α } give rise to local data
for (GG,∇G, f)⊗−1. It is direct to see that the data for (GG,∇G, f)⊗−1 give
−δG(GG,∇G, f). Let {(R′α, v′α), η′α, w′αβ , r′α} be local data on U• which give
δG(G′G,∇′G, f ′). Then {(Rα⊗R′α, vα⊗v′α), ηα⊗η′α, wαβ⊗w′αβ , rα⊗r′α} are local
data for (GG,∇G, f) ⊗ (G′G,∇′G, f ′). The data give the class δG(GG,∇G, f) +
δG(G′G,∇′G, f ′).
Proposition 5.5. A G-equivariant bundle gerbe with connection and curving
(GG,∇G, f) over M is trivial if and only if δG(GG,∇G, f) = 0.
Proof. If (GG,∇G, f) is trivial, then we have a pseudo T-bundle ((R, v), r) with a
connection η such that F (η) = f . By restriction, we obtain local data (Rα, vα),
ηα and rα. We put wαβ = 1. Now it is clear that the associated cocycle
(12) is zero. Conversely, if δG(GG,∇G, f) vanishes, then (12) is written as a
coboundary. By using the coboundary, we can glue the local data, which define
(12), together to construct globally a pseudo T-bundle with a connection whose
curvature coincides with the curving f .
Proposition 5.4 and Proposition 5.5 guarantee that the notion of stable iso-
morphisms is an equivalence relation on equivariant bundle gerbes with connec-
tion and curving. The propositions also imply:
Corollary 5.6. Suppose that (GG,∇G, f) and (G′G,∇′G, f ′) are G-equivariant
bundle gerbes with connection and curving over M . They are stably isomorphic
if and only if δG(GG,∇G, f) = δG(G′G,∇′G, f ′).
Now we return to strongly equivariant bundle gerbes. As we see in Lemma
4.5, a stronglyG-equivariant bundle gerbe with connection and curving (G,∇, f)
induces a G-equivariant bundle gerbe with connection and curving (GG,∇G, f).
We define δG(G,∇, f) ∈ H2(G•×M, F¯(2)) by δG(G,∇, f) = δG(GG,∇G, f). As
a corollary to Proposition 5.4–5.5, we summarize the properties of the class.
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Corollary 5.7. Let (G,∇, f) and (G′,∇′, f ′) be strongly G-equivariant bundle
gerbes with connection and curving over M .
(a) We have
δG((G,∇, f)⊗−1) = −δG(G,∇, f),
δG((G,∇, f)⊗ (G′,∇′, f ′)) = δG(G,∇, f) + δG(G′,∇′, f ′).
(b) (G,∇, f) is trivial if and only if δG(G,∇, f) = 0.
(c) (G,∇, f) and (G′,∇′, f ′) are stably isomorphic if and only if
δG(G,∇, f) = δG(G′,∇′, f ′).
By using the last property, we prove some lemmas for later convenience.
An isomorphism of strongly G-equivariant bundle gerbes with connection and
curving is defined to be an isomorphism of the underlying bundle gerbes with
connection and curving (ϕ, ϕ˜) : (G,∇, f) → (G′,∇′, f ′) such that ϕ and ϕ˜ are
G-equivariant.
Lemma 5.8. If (G,∇, f) and (G′,∇′, f ′) are isomorphic, then they are stably
isomorphic.
Proof. Let (G′G,∇′G, f ′) be induced from (G′,∇′, f ′), U• a sufficiently fine open
cover of G• × M , and {(R′α, v′α), η′α, w′αβ , r′α} local data for (G′G,∇′G, f ′) giv-
ing the cohomology class δG(G′,∇′, f ′). Because ϕ[p] and ϕ˜ are G-equivariant,
{ϕ∗(R′α, v′α), ϕ∗η′α, ϕ∗w′αβ , ϕ∗1r′α} give rise to local data for (GG,∇G, f), where
ϕ1 : G × Y → G × Y ′ is given by ϕ1 = id× ϕ. If we use the local data to give
δG(G,∇, f), then we have δG(G,∇, f) = δG(G′,∇′, f ′).
Let κ ∈ √−1A1(Y ) be a G-invariant 1-form on Y . Then the connection
∇− δκ on P gives rise to a G-invariant connection on G. Similarly, the 2-form
f − dκ gives rise to a G-invariant curving for ∇− δκ.
Lemma 5.9. The strongly G-equivariant bundle gerbes with connection and
curving (G,∇, f) and (G,∇− δκ, f − dκ) are stably isomorphic.
Proof. Let U• be a sufficiently fine open cover of G• ×M . We take local data
{(Rα, vα), ηα, wαβ , rα} for (GG,∇G, f) induced from (G,∇, f). We also take a
local section ψα : U
(0)
α → Y |U(0)α and put κα = ψ∗ακ. Since κ is G-invariant,{(Rα, vα), ηα − π∗κα, wαβ , rα} give rise to local data for the equivariant bundle
gerbe with connection and curving induced from (G,∇ − δκ, f − dκ). We can
verify that the Cˇech cocycles defined by these local data are the same.
Remark 3. In Section 3, we mentioned the Dixmier-Douady class associated to a
bundle gerbe G overM . Suppose that U is a good cover ofM . Then the cocycle
(fαβγ) ∈ Z2(U ,T) defined by (13) represents the Dixmier-Douady class δ(G) ∈
H2(M,T) ∼= H3(M,Z). Similarly, the cocycle (fαβγ , θ1αβ , θ2α) ∈ Z2(U ,F(2))
defined by (13), (16) and (18) represents the class δ(G,∇, f) associated to a
bundle gerbe with connection and curving (G,∇, f) over M .
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5.3 Classification
Here we classify G-equivariant bundle gerbes with connection and curving by
using the cohomology class δG(GG,∇G, f). However, the classification is not
necessary in the sequel, so the reader can skip this subsection.
Theorem 5.10. The group of stable isomorphism classes of G-equivariant bun-
dle gerbes with connection and curving over M is isomorphic to the cohomology
group H2(G• ×M, F¯(2)).
Proof. By Proposition 5.4 and Proposition 5.5, the assignment
(GG,∇G, f) 7→ δG(GG,∇G, f)
induces a monomorphism from the group of stable isomorphism classes of G-
equivariant bundle gerbes with connection and curving overM to the cohomol-
ogy group H2(G• ×M, F¯(2)). To prove that the monomorphism is surjective,
we take and fix a cocycle
 fαβγθ1αβ , gαβ
θ2α, ω
1
α, hα

 ∈ Z2(U•, F¯(2)), (22)
where U• = {U (p)}p≥0 is an open cover of G• ×M .
First, we construct a bundle gerbe over M as follows. Using the open cover
U (p) = {U (p)}α∈A(p) , we put Yp =
⊔
α∈A(p) U
(p)
α . By virtue of the face and
degeneracy maps of Gp×M , the sequence Y• = {Yp}p≥0 gives rise to a simplicial
manifold. Apparently, we have a simplicial surjective submersion π : Y• →
G•×M admitting local sections. We put P = Y [2]0 ×T. Note that δP = Y [3]0 ×T
and Y
[3]
0 =
⊔
α,β,γ∈A(0) U
(0)
αβγ . We denote by s =
⊔
α,β,γ∈A(0)(id × f−1αβγ) the
section s : Y
[3]
0 → δP that carries x ∈ U (0)αβγ to (x, f−1αβγ(x)) ∈ U (0)αβγ × T. Then
G = (Y0, P, s) is a bundle gerbe over M .
Second, we make this bundle gerbe into G-equivariant. We define a principal
T-bundle Q→ Y1 byQ = Y1×T. Since Y [2]1 =
⊔
α,β∈A(1) U
(1)
αβ and δQ
⊗−1⊗∂P =
Y
[2]
1 ×T, we define a section t : Y [2]1 → δQ⊗−1⊗ ∂P by t =
⊔
α,β∈A(1)(id× g−1αβ ).
Similarly, because ∂Q = Y2 × T, we define a section u : Y2 → ∂Q by u =⊔
α∈A(2)(id×h−1α ). Then GG = (Y•, (Y0, P, s), (Q, t), u) is a G-equivariant bundle
gerbe over M .
Third, we give GG a G-invariant connection and a G-invariant curving. A
connection ∇ on (Y0, P, s) is given by ∇ =
⊔
α,β∈A(0)(−2π
√−1θ1αβ + u−1du),
where u−1du stands for the Maurer-Cartan form on T. If we define a relative
connection Drel on Q by Drel =
⊔
α∈A(1)(−2π
√−1ω1α + [u−1du]rel), then ∇G =
(∇, Drel) is a G-invariant connection on GG. A G-invariant curving f for ∇G is
defined by f =
⊔
α∈A(0)(−2π
√−1θ2α).
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Finally, we take local data {(Rα, vα), ηα, wαβ , rα} for (GG,∇G, f) with re-
spect to the open cover U• as follows.
Rα = Y0|Uα × T =
⊔
i∈A(0)
U
(0)
iα × T,
vα =
⊔
i,j∈A(0)
(id× f−1ijα),
ηα =
⊔
i∈A(0)
(2π
√−1θ1iα + u−1du),
wαβ =
⊔
i∈A(0)
(id× fiαβ),
rα =
⊔
i∈A(1)
(id× giα).
By direct computations, we can see that the cocycle defined by the local data
above coincides with the given cocycle (22).
We note that the cohomology H2(G• ×M, F¯(2)) also classifies the isomor-
phism classes of G-equivariant gerbes with connection and curvings [18]
Forgetting connections and curvings, we can obtain the following classifica-
tion of G-equivariant bundle gerbes.
Corollary 5.11. The group of stable isomorphism classes of G-equivariant bun-
dle gerbes over M is isomorphic to H2(G• ×M,TG•×M ).
The isomorphism in the corollary above is induced by the assignment to GG of
the class δG(GG) ∈ H2(G• ×M,T) represented by the cocycle (fαβγ , gαβ, hα) ∈
Z2(U•,T) determined by (13), (14) and (15).
If G is compact, then Hm(G•×M,TG•×M ) is isomorphic to the equivariant
cohomology group ([2]) Hm+1G (M,Z) for m > 1. Thus, in this case, the group of
stable isomorphism classes of G-equivariant bundle gerbes overM is isomorphic
to H3G(M,Z).
6 Obstruction
In this section, we prove Theorem 2: the element β(G,∇, f) ∈ Z/B given in
Section 1 is the obstruction to the reduction of a strongly equivariant bundle
gerbe with connection and curving. For the purpose, we relate βG(G,∇, f) with
the characteristic class δG(G,∇, f). Then the results on equivariant smooth
Deligne cohomology groups lead to the proof.
Throughout this section, G denotes a Lie group acting on a smooth manifold
M by left.
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6.1 Relation to the characteristic class
To begin with, we recall the definition of βG(G,∇, f) ∈ Z/B.
Apart from the dual space g∗ = Hom(g,R) of g, we introduce a similar vector
space g† = Hom(g,
√−1R). This will help to suppress notations in the below.
We usually identify these vector spaces thorough the map g† → g∗ given by
z 7→ −1
2π
√−1z. We also denote by 〈 | 〉 : g⊗ g† →
√−1R the natural contraction
between g and g†.
Recall the moment [4] associated to an equivariant principal T-bundle with
connection. Let P → M be a G-equivariant principal T-bundle equipped with
a G-invariant connection Θ. The moment associated to (P ,Θ) is a function
µ : M → g† defined by 〈X |µ(x)〉 = Θ(p;X∗), where p ∈ P is a point lying
on the fiber of x ∈ M and X∗ ∈ TpP is the tangent vector generated by the
infinitesimal action of X ∈ g. It is easy to verify that 〈X |dµ〉 + ιX∗F (Θ) = 0
and g∗µ = Adgµ for X ∈ g and g ∈ G.
Lemma 6.1 ([25]). Let (Y, P, s) be a strongly G-equivariant bundle gerbe over
M , ∇ a G-invariant connection on (Y, P, s), and λ˜ : Y [2] → g† the moment
associated to (P,∇). Then the space {λ : Y → g†| δλ = λ˜} is non-empty and
forms an affine space under A0(M, g†).
Proof. Since g† = Hom(g,
√−1R) is a vector space, Lemma 3.1 provides the
following exact sequence:
0→ A0(M, g†) π∗→ A0(Y, g†) δ→ A0(Y [2], g†) δ→ A0(Y [3], g†)→ · · · .
A computation shows that λ˜ ∈ A0(Y [2], g†) satisfies δλ˜ = 0. Hence the lemma
follows from the above exact sequence.
Definition 6.2. Let G = (Y, P, s) be a strongly G-equivariant bundle gerbe
overM equipped with a G-invariant connection ∇ and a G-invariant curving f ,
and λ˜ : Y [2] → g† the moment associated to (P,∇). Taking a map λ : Y → g†
such that δλ = λ˜, we define (E, ζ) ∈ C = A1(M, g∗)⊕ C∞(G,A0(M, g∗)) by
〈X |π∗E〉 = 1
2π
√−1 (〈X |dλ〉+ ιX∗f) , (23)
〈X |π∗ζ(g)〉 = 1
2π
√−1〈X |g
∗λ−Adgλ〉, (24)
where ιX∗ is the contraction by the tangent vector field on Y generated by the
infinitesimal action of X ∈ g.
Once λ : Y → g† is chosen, we can verify the following formulae for (E, ζ):
− 1
2π
√−1 ιX∗Ω = 〈X |dE〉,
g∗E −AdgE = dζ(g),
Adgζ(h)− ζ(gh) + h∗ζ(g) = 0,
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where Ω is the 3-curvature of (G,∇, f). Hence (E, ζ) belongs to Z. We can also
verify that [E, ζ] ∈ Z/B is independent of the choice of λ : Y → g†.
Definition 6.3. We define βG(G,∇, f) ∈ Z/B by βG(G,∇, f) = [E, ζ].
Now we recall the connecting homomorphism induced by (7):
β : H2(G• ×M, F¯(2)) −→ H3(G• ×M,F 1F(2)).
Since the characteristic class δG(G,∇, f) belongs to H2(G•×M, F¯(2)), we have
β(δG(G,∇, f)) ∈ H3(G• ×M,F 1F(2)).
Proposition 6.4. Let (G,∇, f) be a strongly G-equivariant bundle gerbe with
connection and curving over M . Under the isomorphism in Lemma 2.9, we
have β(δG(G,∇, f)) = βG(G,∇, f).
To prove Proposition 6.4, we need some preparations. Recall that a strongly
G-equivariant bundle gerbe (Y, P, s) over M defines a G-equivariant bundle
gerbe (G•×Y, (Y, P, s), (Q, t), u). In particular, we have a section t : G×Y [2] →
∂P such that ∂t = 1. If ∇ is a G-invariant connection on (Y, P, s), then we have
t∗[∂∇]rel = 0 in
√−1A1(G× Y [2])rel, that is, t∗(∂∇) ∈
√−1F 1A1(G× Y [2]).
Lemma 6.5 ([25]). There is τ ∈ √−1F 1A1(G× Y ) such that δτ = t∗(∂∇).
Proof. Note that δ(t∗∂∇) = 0. Thus, by means of Lemma 3.1, there is a 1-
form τ ∈ √−1A1(G × Y ) such that δτ = t∗(∂∇). Because t∗(∂∇) belongs to√−1F 1A1(G× Y [2]), the 1-form τ belongs to √−1F 1A1(G× Y ).
Lemma 6.6. There exists a surjection
̟ : {τ ∈ √−1F 1A1(G× Y )| δτ = t∗(∂∇)} −→ {λ ∈ A0(Y, g†)| δλ = λ˜}.
Proof. We define a map ̟ :
√−1F 1A1(G × Y ) → A0(Y, g†) by 〈X |̟(τ)(y)〉 =
−τ((e, y);X ⊕ 0). Notice the following formula:
(t∗(∂∇)) ((g, (y1, y2)); gX ⊕W ) = −〈X |g∗λ˜(y1, y2)〉,
where W ∈ T(y1,y2)Y [2] is a tangent vector. Thus, if τ ∈
√−1F 1A1(G × Y )
satisfies δτ = t∗(∂∇), then δ̟(τ) = λ˜. Suppose that λ ∈ A0(Y, g†) satisfies
δλ = λ˜. If we define τ ∈ √−1F 1A1(G× Y ) by τ((g, y); gX ⊕ V ) = −〈X |λ(gy)〉,
then δτ = t∗(∂∇) and ̟(τ) = λ.
The proof of Proposition 6.4. First, let U• be a sufficiently fine open cover of
G• × M . For the G-equivariant bundle gerbe with connection and curving
induced from the strongly G-equivariant bundle gerbe (G,∇, f), we take local
data {(Rα, vα), ηα, wαβ , rα} and define
 fαβγθ1αβ , gαβ
θ2α, ω
1
α, hα

 ∈ Z2(U•, F¯(2)) (25)
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by (13) – (18).
Second, we lift the cocycle (25) in Z2(U•, F¯(2)) to a cochain in C2(U•,F(2)).
For this aim, we note that Q and Drel are trivial. Thus ω
1
α ∈ A1(U (1)α )rel is
π∗ω1α =
1
2π
√−1r
∗
α[∂ηα]rel.
By the help of Lemma 6.5, we can take a 1-form τ ∈ √−1F 1A1(G × Y ) such
that δτ = t∗(∂∇). Using this 1-form, we define ω˜1α ∈ A1(U (1)α ) by
π∗ω˜1α =
1
2π
√−1(r
∗
α(∂ηα)− τ).
Clearly, [ω˜1α]rel = ω
1
α. Thus we have a lift of the cocycle (25):
 fαβγθ1αβ , gαβ
θ2α, ω˜
1
α, hα

 ∈ C2(U•,F(2)). (26)
Third, we compute the coboundary of the cochain (26). By direct computa-
tions, we can prove the following formulae:
∂θ1αβ +
1
2π
√−1d log gαβ − δω˜
1 = 0,
∂θ2α − dω˜1α =
1
2π
√−1(dτ − ∂f)|U(1)α ,
∂ω˜1α +
1
2π
√−1d log hα = −
1
2π
√−1∂τ |U(2)α .
By using these formulae, the coboundary of (26) yields the following cocycle in
the complex (8):(
1
2π
√−1(dτ − ∂f),−
1
2π
√−1∂τ
)
∈ F 1A2(G×M)⊕ F 1A1(G2 ×M).
Finally, we compute the corresponding cocycle (E, ζ) ∈ Z along Lemma 2.9.
Then we find that the cocycle (E, ζ) is expressed as (23) and (24) by using
λ = ̟(τ), where ̟ is the map given in Lemma 6.6.
6.2 Proof of Theorem 2
By the help of Proposition 2.5, the following exact sequence is induced from (7):
H1(G•×M, F¯(2)) β // H2(G•×M,F 1F(2)) // H2(M/G,F(2))
ϕ◦q∗ // H2(G•×M, F¯(2)) β // H3(G•×M,F 1F(2)).
(27)
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Theorem 6.7. Let G and M be as in Proposition 2.5, and (G,∇, f) a strongly
G-equivariant bundle gerbe with connection and curving over M .
(a) There exists a bundle gerbe with connection and curving (G¯, ∇¯, f¯) over
M/G whose pull-back under the projection q : M → M/G is stably isomorphic
to (G,∇, f), if and only if βG(G,∇, f) = 0.
(b) The stable isomorphism classes of such (G¯, ∇¯, f¯) as above are in one to
one correspondence with Coker{β : H1(G•×M, F¯(2))→ H2(G•×M,F 1F(2))}.
In particular, if the Lie algebra g of G is such that [g, g] = g, then the stable
isomorphism class of (G¯, ∇¯, f¯) is unique.
This is the strongly equivariant bundle gerbe version of Theorem 1, and
includes Theorem 2 as (a).
Proof. First of all, we notice that the isomorphism q∗ in Proposition 2.5 is
induced by the simplicial map q : G• ×M → {e}• × (M/G). Recall that, for a
bundle gerbe with connection and curving (G¯, ∇¯, f¯) overM/G, the constructions
in Lemma 4.5 and the pull-back operations are compatible. Hence we have
ϕ ◦ q∗(δ(G¯, ∇¯, f¯)) = δG(q∗(G¯, ∇¯, f¯)) in H2(G•×M, F¯(2)).
Using Proposition 6.4, we identify βG(G,∇, f) with β(δG(G,∇, f)). By the
exactness of (27), there is a class c¯ ∈ H2(M/G,F(2)) such that ϕ ◦ q∗(c¯) =
δG(G,∇, f) if and only if β(δG(G,∇, f)) = 0. By Proposition 3.11, the class c¯
is realized by a bundle gerbe with connection and curving (G¯, ∇¯, f¯) over M/G.
Because δG(q
∗(G¯, ∇¯, f¯)) = δG(G,∇, f), the pull-back of (G¯, ∇¯, f¯) is stably iso-
morphic to (G,∇, f) by Corollary 5.7 (c), which establishes (a).
For (b), it is clear that the set of the stable isomorphism classes of such
(G¯, ∇¯, f¯) as in (a) is identified with the kernel of ϕ ◦ q∗, which is also identified
with the cokernel of β. The last part of (b) follows from Corollary 2.8.
We notice that the cohomology H1(G• ×M, F¯(2)) is isomorphic to the iso-
morphism classes of G-equivariant flat T-bundles [18]. The homomorphism
β : H1(G• × M, F¯(2)) → H2(G• × M,F 1F(2)) is interpreted as the assign-
ment of −1
2π
√−1 times the moment.
Before we proceed to the next section, we consider the case where connections
and curvings are absent.
Proposition 6.8. Let G and M be as in Proposition 2.5, and G a strongly
G-equivariant bundle gerbe over M .
(a) There exists a bundle gerbe G¯ over M/G whose pull-back under the pro-
jection q :M →M/G is stably isomorphic to G.
(b) The stable isomorphism class of such G¯ as above is unique.
Proof. In the same way as δG(G,∇, f), we have a class δG(G) ∈ H2(G•×M,T)
associated to G. This is the complete invariant of stable isomorphism classes
of G-equivariant bundle gerbes over M . It is shown [20] that the projection
q : M → M/G induces an isomorphism q∗ : H2(M/G,T) → H2(G• ×M,T)
under the same assumption as in Proposition 2.5. Thus, by Proposition 3.6,
there always exists such a bundle gerbe G¯ as in (a), and the stable isomorphism
class of such G¯ is unique.
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7 Reduction
As is seen, Theorem 6.7 is proved in a rather abstract way by using the result
on equivariant smooth Deligne cohomology groups. To understand it more
geometrically, we describe in this section a reduction of a strongly equivariant
bundle gerbe with connection. Theorem 3 and Theorem 4 stated in Section 1
will be proved as Theorem 7.2 and Theorem 7.4, respectively. After that, a
reduction of equivariant pseudo T-bundle is also described.
The reduction presented here is based on that of strongly equivariant bundle
gerbes given by Mathai and Stevenson [25]. When a finite group acts, the other
method of reduction is known by Gawedzki and Reis [15]. Their reduction
is applicable to equivariant bundle gerbes which are not necessarily strongly
equivariant.
7.1 Reduction of strongly equivariant bundle gerbes
Let G be a Lie group acting on a smooth manifold M , and (G,∇, f) a strongly
G-equivariant bundle gerbe with connection and curving over M . Throughout
this section, we put the following assumptions:
(A1) the action of G on M is free and locally trivial;
(A2) the quotient space M/G is a smooth manifold in such a way that the
natural projection q :M →M/G is smooth;
(A3) the action of G on Y satisfies the same assumptions as (A1) and (A2).
The assumptions (A1) and (A2) are those put in Proposition 2.5.
First of all, we describe a reduction of the strongly G-equivariant bundle
gerbe G = (Y, P, s), forgetting ∇ and f . By (A3), Y¯ = Y/G is a smooth
manifold. The surjection π : Y → M induces π¯ : Y¯ → M/G, which is also a
surjective submersion admitting local sections. For each positive integer p, we
can naturally identify the fiber product Y¯ [p] with the quotient space (Y [p])/G.
Hence we have a principal T-bundle P¯ = P/G over Y¯ [2]. We can also identify δP¯
with (δP )/G. Thus, the invariant section s : Y [3] → δP uniquely corresponds to
a section s¯ : Y¯ [3] → δP¯ . Because δs = 1, we have δs¯ = 1. Hence G¯ = (Y¯ , P¯ , s¯)
is a bundle gerbe over M/G, which is a reduction of G:
Lemma 7.1. The pull-back of the bundle gerbe G¯ = (Y¯ , P¯ , s¯) under the projec-
tion q :M →M/G is stably isomorphic to G.
We omit the proof of this lemma, since it follows from Theorem 7.2.
Notice that the stable isomorphism class of G¯ is uniquely determined by that
of G, as a result of Proposition 6.8.
Next we construct a connection and a curving on G¯ from ∇ and f . By (A1)
and (A2), we have a principal G-bundle q : M → M/G. We take and fix a
connection Ξ on this G-bundle.
Now we suppose the vanishing of the obstruction: βG(G,∇, f) = 0. This
is equivalent to the existence of a map λ : Y → g† such that δλ = λ˜ and
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(E, ζ) = 0, where (E, ζ) ∈ Z is defined by (23) and (24). Fix such a map for
a while. We define a 1-form κ ∈ √−1A1(Y ) by κ = 〈π∗Ξ|λ〉. Since ζ = 0, the
1-form κ is G-invariant, so that we have a strongly G-equivariant bundle gerbe
with connection and curving (G,∇− δκ, f − dκ) over M . We can easily verify
ιX∗(∇− δκ) = 〈X |λ˜− δλ〉 = 0,
ιX∗(f − dκ) = 2π
√−1〈X |E〉 = 0.
Hence ∇ − δκ descends to give a connection ∇¯ on G¯, and f − dκ descends to
give a curving f¯ for ∇¯. This construction of (G¯, ∇¯, f¯) is a reduction of (G,∇, f):
Theorem 7.2. If we fix a map λ : Y → g† such that δλ = λ˜ and (E, ζ) = 0,
then q∗(G¯, ∇¯, f¯) is stably isomorphic to (G,∇, f) as a strongly G-equivariant
bundle gerbe with connection and curving.
Proof. We write the pull-back q∗G¯ as (q∗Y¯ , (q˜[2])∗P¯ , (q˜[3])∗s¯). We have the
natural G-equivariant maps ϕ : Y → q∗Y¯ and ϕ˜ : P → (q˜[2])∗P¯ . These maps
form an isomorphism of strongly equivariant bundle gerbes with connection and
curving (ϕ, ϕ˜) : (G,∇−δκ, f−dκ)→ q∗(G¯, ∇¯, f¯). Thus Lemma 5.8 implies that
q∗(G¯, ∇¯, f¯) and (G,∇ − δκ, f − dκ) are stably isomorphic. Because κ is G-
invariant, Lemma 5.9 implies that (G,∇ − δκ, f − dκ) and (G,∇, f) are stably
isomorphic.
Our reduction of (G,∇, f) is performed under a choice of λ. In general, the
choice is not unique. We can readily see the next lemma:
Lemma 7.3. If βG(G,∇, f) = 0, then the set of maps λ : Y → g† such that
δλ = λ˜ and (E, ζ) = 0 is an affine space under the vector space
H2(G• ×M,F 1F(2)) ∼= {µ ∈ A0(M, g†)| g∗µ = Adgµ, dµ = 0} .
Thus, If [g, g] = g, then the choice of such λ is unique.
Let λ′ : Y → g† be the other choice, and (G¯, ∇¯′, f¯ ′) the bundle gerbe with
connection and curving over M/G obtained as the reduction with respect to
λ′. By the unique map µ : M → g† such that π∗µ = λ′ − λ, we obtain
κ′ − κ = π∗〈Ξ|µ〉, where κ′ = 〈π∗Ξ|λ′〉. So we have
(G,∇− δκ′, f − dκ′) = (G,∇− δκ, f − dκ− dπ∗〈Ξ|µ〉).
Thus the choice of λ does not affect connections on G¯: we always have ∇¯′ =
∇¯. On the other hand, the choice of λ affects curvings on G¯. Though 〈Ξ|µ〉
does not descend to M/G in general, d〈Ξ|µ〉 descends to give the 2-form σ¯ ∈√−1A2(M/G) such that q∗σ¯ = d〈Ξ|µ〉. So we can write f¯ ′ = f¯ − π¯∗σ¯.
Theorem 7.4. Suppose that (G¯, ∇¯, f¯) and (G¯, ∇¯, f¯ ′) are obtained as the re-
ductions of (G,∇, f) with respect to λ and λ′, respectively. They are stably
isomorphic if and only if the difference λ′−λ is the moment of a G-equivariant
flat principal T-bundle over M .
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Proof. Suppose that (G¯, ∇¯, f¯) and (G¯, ∇¯, f¯ − π¯∗σ¯) are stably isomorphic. By
Corollary 3.12, there is a principal T-bundle (R¯, η¯) overM/G such that F (η¯) =
f¯ ′− f¯ = −σ¯. The pull-back q∗R¯ is naturally a G-equivariant principal T-bundle
over M . Here we consider a G-invariant connection q∗η¯ + 〈Ξ|µ〉 on q∗R¯. A
direct calculation shows that the connection is flat and its moment is µ.
Conversely, when µ is the moment of a G-equivariant flat principal T-bundle
(R, η) overM , we consider the G-invariant connection η−〈Ξ|µ〉 on R. Because
the moment of η − 〈Ξ|µ〉 vanishes, (R, η − 〈Ξ|µ〉) reduces to give a principal T-
bundle with connection (R¯, η¯) over M/G. Clearly, the curvature is F (η¯) = −σ¯.
Hence (G¯, ∇¯, f¯) and (G¯, ∇¯, f¯− π¯∗σ¯) are stably isomorphic by Corollary 3.12.
Recalling Theorem 6.7 (b), we find that our reduction yields, by varying the
choice of λ, all the stable isomorphism classes of bundle gerbes with connection
and curving over M whose pull-backs are stably isomorphic to (G,∇, f).
So far, we fixed a choice of a connection Ξ on the G-bundle q :M →M/G.
We here vary the choice of Ξ, fixing a choice of λ.
Proposition 7.5. As far as λ is fixed, the stable isomorphism class of the
bundle gerbe with connection and curving over M/G obtained by the reduction
is independent of the choice of a connection on the G-bundle q :M →M/G.
Proof. Let Ξ and Ξ′ be connections on the G-bundle q : M → M/G. We put
κ = 〈π∗Ξ|λ〉 and κ′ = 〈π∗Ξ′|λ〉. The reduction yields (G¯, ∇¯, f¯) and (G¯, ∇¯′, f¯ ′) by
taking the quotient of (G,∇− δκ, f −dκ) and (G,∇− δκ′, f −dκ′), respectively.
Denote by ξ ∈ A0(M, g) the difference ξ = Ξ′−Ξ. Using the G-invariant 1-form
α ∈ √−1A1(M) defined by α = 〈ξ|λ〉, we can write κ′ − κ = π∗α. Hence we
have ∇− δκ′ = ∇− δκ, so that ∇¯ = ∇¯′. Notice that α vanishes in the direction
of G. Thus we have f¯ ′ = f¯ − π¯∗dα¯, where α¯ ∈ √−1A1(M/G) is the 1-form such
that q∗α¯ = α. Since −dα¯ is the curvature of the connection −α¯ on the trivial
T-bundle over M/G, Corollary 3.12 completes the proof.
7.2 Reduction of pseudo T-bundles with connection
Let G = (Y, P, s) be a strongly G-equivariant bundle gerbe over M equipped
with a G-invariant connection ∇ and a G-invariant curving f .
Lemma 7.6. Let ((R, v), η) be a G-equivariant pseudo T-bundle with connection
for (G,∇, f), and ρ : Y → g† the moment associated with (R, η). We fix a map
λ : Y → g† such that δλ = λ˜, and define a G-invariant 2-form ω ∈ √−1A2(M)
and a map µ :M → g† by
π∗ω = F (η)− f, (28)
π∗µ = ρ− λ. (29)
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For X ∈ g and g ∈ G we have
dω = −Ω, (30)
〈X |dµ〉+ ιX∗ω = −〈X |2π
√−1E〉, (31)
〈X |g∗µ− Adgµ〉 = −〈X |2π
√−1ζ(g)〉, (32)
where Ω is the 3-curvature of f , and (E, ζ) ∈ Z is defined by using λ.
Proof. One can easily verify this lemma by straightforward computations.
Recall the reduction of (G,∇, f). We take and fix a connection Ξ on the
G-bundle q : M → M/G. Choosing a map λ such that δλ = λ˜ and (E, ζ) = 0,
we put κ = 〈π∗Ξ|λ〉. Then the quotient of (G,∇ − δκ, f − dκ) gives (G¯, ∇¯, f¯),
which is the reduction of (G,∇, f) with respect to λ.
We can see that ((R, v), η − κ) is a G-equivariant pseudo T-bundle with
connection for (G,∇ − δκ, f − dκ). So one may expect that ((R, v), η − κ)
induces a pseudo T-bundle with connection for (G¯, ∇¯, f¯). However, it does not
hold in general.
Proposition 7.7. If µ vanishes, then we can construct a pseudo T-bundle with
connection ((R¯, v¯), η¯) for (G¯, ∇¯, f¯) from ((R, v), η).
Proof. By taking the quotient of (R, v), we obtain a pseudo T-bundle (R¯, v¯) for
G¯. It is straightforward to see that the moment of η − κ is µ. Thus, under the
assumption of this proposition, the G-invariant connection η − κ descends to
give a connection η¯ on the T-bundle R¯ = R/G. We can easily verify that η¯ gives
rise to a connection on the pseudo T-bundle (R¯, v¯).
If µ = 0 (and (E, ζ) = 0), then the 2-form ω = (f − dκ)−F (η− dκ) satisfies
ιX∗ω = 0 for all X ∈ g. Hence the 2-form induces ω¯ ∈
√−1A2(M/G) such that
q∗ω¯ = ω. If Ω¯ is the 3-curvature of f¯ , then we have dω¯ = −Ω¯.
8 Example
In this section, we give some examples of reductions of strongly equivariant
bundle gerbes. The first example deals with an action of S1 on S3. In this
case, we can obtain distinct stable isomorphism classes of bundle gerbes with
connection and curving over the quotient space by the reductions. In the second
example, we will define an equivariant bundle gerbe over an infinite dimensional
space as a lifting bundle gerbe [27], and will obtain the “basic bundle gerbe” on
SU(2) by the reduction. The third example is a reduction of a pseudo T-bundle
with connection, which is tied up with the second example.
8.1 The trivial bundle gerbe over S3
Let us consider the diagonal embedding of S1 = T into S3 = SU(2). This gives
a free action of G = S1 on M = S3. The quotient space is M/G ∼= S2, and
q :M →M/G is the Hopf fibration.
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We define a trivial bundle gerbe G = (Y, P, s) over M as follows. We put
Y =M and define π : Y →M to be the identity. For all p we can identify Y [p]
with M by the diagonal embedding of M into Y p. We put P = Y [2] × T and
s = 1. By means of the trivial action of G on P , the bundle gerbe G is strongly
G-equivariant.
Let ∇ be the trivial connection on the trivial T-bundle P . It is obvious that
∇ is a G-invariant connection on G. If we define f ∈ √−1A2(Y ) by f = 0, then
f is a G-invariant curving for ∇.
As is clear, the strongly G-equivariant bundle gerbe with connection and
curving (G,∇, f) gives δG(G,∇, f) = 0, so that βG(G,∇, f) = 0. To perform
the reduction presented in Section 7.1, we choose a map λ : Y → g† such that
δλ = λ˜ and (E, ζ) = 0, where λ˜ : Y [2] → g† is the moment associated to (P,∇),
and (E, ζ) ∈ Z is given by (23) and (24). It is clear that λ˜ = 0. If we take
λ0 : Y → g† to be λ0 = 0, then we have δλ0 = λ˜ and (E, ζ) = 0. So we can take
λ0 as a choice.
We also have the other choice in the present case. Note that G = S1 is
abelian and that the adjoint action on g =
√−1R is trivial. For r ∈ R we define
λr : g→
√−1R by λr(z) = rz. If we regard λr ∈ g† as an element λr ∈ A0(Y, g†)
in the natural fashion, then λr is the other choice of λ such that δλ = λ˜ and
(E, ζ) = 0. Because M = S3 is connected, we have H2(G• ×M,F 1F¯(2)) ∼=
g† ∼= R. Hence, by Lemma 7.3, any such choice of λ is of the form λr.
Now we perform the reduction of (G,∇, f) with respect to λr. Let Ξ be a
connection on the S1-bundle S3 → S2. We define κr ∈
√−1A1(Y ) by κr =
〈Ξ|λr〉 = rΞ. We take the quotient of (G,∇− δκr, f − dκr) to obtain (G¯, ∇¯, f¯r)
over M/G ∼= S2. By the construction of G¯ = (Y¯ , P¯ , s¯), we have Y¯ = M/G.
Hence the curving f¯r is a 2-form on M/G ∼= S2. If F (Ξ) ∈
√−1A2(S2) denotes
the curvature of the connection Ξ, then we have the expression fr = rF (Ξ).
Proposition 8.1. The bundle gerbe with connection and curving (G¯, ∇¯, f¯r) over
M/G ∼= S2 is trivial if and only if r is an integer.
Though we can prove this proposition appealing to Theorem 7.4, we give an
easier proof by using Corollary 3.12.
Proof. The Euler class of the T-bundle S3 → S2 is a generator ofH2(S2,Z) ∼= Z.
Since F (Ξ) is the curvature of a connection on this bundle, fr = rF (Ξ) is the
curvature of a connection on a T-bundle over S2 if and only if r ∈ Z.
By Proposition 2.2 (b) and Proposition 3.11, the the group of stable iso-
morphism classes of bundle gerbes with connection and curving over S2 is iso-
morphic to H2(S2,T) ∼= H2(S2,R)/H2(S2,Z). Since −r
2π
√−1F (Θ) represents the
de Rham cohomology class corresponding to r ∈ R ∼= H2(S2,R), all the stable
isomorphism classes of bundle gerbes with connection and curving over S2 are
obtained by the reduction of (G,∇, f).
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8.2 Chern-Simons bundle gerbes
As is pointed out by Freed [14], higher gerbes appear as basic ingredients when
we consider higher codimensions in field theories. In the context of SU(2) Chern-
Simons theory [13, 33], such a gerbe is formulated over the space of connections
on an SU(2)-bundle over an oriented closed 1-manifold [19]. The specialization
in the case of the trivial SU(2)-bundle over S1 provides the example below.
We note that it is related to the construction of the basic gerbes over compact
simple Lie groups due to Behrend, Xu and Zhang [3].
Let su(2) be the Lie algebra of SU(2). We denote the space of connec-
tions on the trivial SU(2)-bundle over S1 by M = A1(S1, su(2)). The group
G = LSU(2) = C∞(S1, SU(2)) of free loops in SU(2) acts on the space of
connections by the gauge transformation. According to the convention of the
present paper, we consider the left action of g ∈ LSU(2) on A ∈ A1(S1, su(2))
given by A 7→ gAg−1 + gdg−1.
Let us choose the standard base point on S1, and denote the based loop
group by G0 = ΩSU(2). As is well-known, the action of G0 ⊂ G on M is
free. The quotient space M/G0 is identified with SU(2), and the projection
map q : M →M/G0 with the holonomy of a connection around S1. Note that
G/G0 ∼= SU(2) acts on M/G0 ∼= SU(2) by the adjoint action.
Let π : Y → M be the trivial LSU(2)-bundle Y = M × LSU(2). We write
Γ = LSU(2) for the structure group of Y in order to distinguish it from the
group G = LSU(2) acting on the base space M . It is known [30] that the loop
group Γ = LSU(2) has a central extension Γ̂k for each integer k ∈ Z:
1 −→ T −→ Γ̂k ̟−→ Γ −→ 1.
Definition 8.2. We define a bundle gerbe Gk over M by the lifting bundle
gerbe [27] associated with the central extension Γ̂k and the trivial Γ-bundle
π : Y →M . We call Gk the Chern-Simons bundle gerbe.
The concrete description of Gk = (Y, P, s) is as follows. We introduce a map
τ : Y [2] → Γ by y1τ(y1, y2) = y2 for (y1, y2) ∈ Y [2]. When we write yi = (A, γi),
we have τ(y1, y2) = γ
−1
1 γ2. The principal T-bundle P → Y [2] is defined by
P = τ∗Γ̂k. The section s : Y [3] → δP is defined by s(y1, y2, y3) = γ̂23 ⊗
(γ̂12γ̂23)
⊗−1 ⊗ γ̂12, where γ̂ij ∈ Γ̂k is an element such that ̟(γ̂ij) = τ(yi, yj).
Proposition 8.3. The Chern-Simons bundle gerbe Gk = (Y, P, s) can be made
into a strongly G-equivariant bundle gerbe over M .
Proof. In general, the lifting bundle gerbe associated with an equivariant prin-
cipal bundle can be made into strongly equivariant. We define a left action
of G = LSU(2) on Y = M × Γ = A1(S1, su(2)) × LSU(2) by (A, γ) 7→
(gAg−1 + gdg−1, gγ). This is a lift of the action of G on M to that on Y .
In order to make the T-bundle P → Y [2] into G-equivariant, we note that the
left action of G on the Γ-bundle Y commutes with the right action of Γ. We
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define an action of G on Y [2] × Γ̂k by the induced G-action on Y [2] and by the
trivial action on Γ̂k. Because P = τ∗Γ̂k is a G-invariant subspace of Y [2]×Γ̂k, we
obtain a G-action on P which makes P → Y [2] into a G-equivariant T-bundle.
It is easy to see that the section s : Y [2] → δP is G-invariant.
Since G0 is a subgroup of G, the Chern-Simons bundle gerbe Gk is a strongly
G0-equivariant bundle gerbe as well. Since the action of G0 on Y is free, we
can perform the reduction of Gk. Then we obtain a bundle gerbe G¯k over
M/G0 ∼= SU(2). We will see later that the Dixmier-Douady class of the bundle
gerbe is k ∈ Z ∼= H3(SU(2),Z).
To construct a connection and a curving on Gk, we use results in [17, 29]. We
denote by LieΓ = Lsu(2) = C∞(S1, su(2)) the Lie algebra of Γ = LSU(2). The
Lie algebra LieΓ̂k of Γ̂k is naturally identified with the vector space Lsu(2) ⊕√−1R on which the Lie bracket is defined by
[X1 ⊕ z1, X2 ⊕ z2] = [X1, X2]⊕ c(X1, X2),
where the Lie algebra 2-cocycle c is
c(X1, X2) = −k
√−1
2π
∫
S1
Tr(X1dX2).
Because Γ acts on LieΓ̂k through the adjoint action of Γ̂k, it is possible to define
a map Z : Γ → Hom(LieΓ,√−1R) by (Z(γ)|X) = Adγ(X ⊕ 0) − (AdγX) ⊕ 0,
where ( | ) : Hom(LieΓ,√−1R) ⊗ LieΓ → √−1R is the natural contraction. An
explicit formula for Z is
(Z(γ)|X) = k
√−1
2π
∫
S1
Tr(γ−1dγ X).
This follows from the simplicity of su(2) and the following formula:
c(AdγX1,AdγX2) = c(X1, X2) + (Z(γ)|[X1, X2]).
Let θΓ and θ̂Γ be the left invariant Maurer-Cartan forms on Γ and Γ̂
k, respec-
tively. Then the 1-form ν = θ̂Γ − ̟∗θΓ ⊕ 0 is a connection on the principal
T-bundle ̟ : Γ̂k → Γ, and its curvature is F (ν) = − 12c(θΓ, θΓ).
Since π : Y →M is trivial as a Γ-bundle, the Maurer-Cartan form θΓ defines
the trivial connection Θ on Y . We define L : Y → Hom(LieΓ̂k,√−1R) by
(L(A, γ)|X ⊕ z) = k
√−1
2π
∫
S1
Tr((γ−1Aγ + γ−1dγ)X) + z.
This gives a section L ∈ A0(M,Y ×Ad Hom(LieΓ̂k,
√−1R)) called a splitting
[8]. A bundle gerbe connection ∇ ∈ √−1A1(P ) and a bundle gerbe curving
f ∈ √−1A2(Y ) are given by
∇ = τ∗ν + (Z(τ−1)|π∗2Θ),
f = −(L|F (Θ⊕ 0)),
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where F (Θ⊕ 0) = d(Θ⊕ 0)+ 12 [Θ⊕ 0,Θ⊕ 0] = F (Θ)⊕ 12c(Θ,Θ). In the present
case, we have F (Θ) = 0, so that f = − 12c(Θ,Θ) and (G,∇, f) is flat.
Proposition 8.4. The connection ∇ and the curving f are G-invariant.
Proof. Note that the connection Θ on Y and its curvature F (Θ) are G-invariant.
Because τ : Y [2] → Γ and π2 : Y [2] → Y are G-equivariant, the connection ∇
is G-invariant. By a direct computation, we can prove that L is G-invariant:
g∗L = L for g ∈ G. Hence the curving is also G-invariant.
The moment λ˜ ∈ A0(Y [2], g†) associated with the G-equivariant T-bundle
(P,∇) is expressed as
〈X |λ˜((A, γ1), (A, γ2))〉 =
(
Z(τ((A, γ1), (A, γ2))
−1)|Θ((A, γ1);X∗)
)
=
k
√−1
2π
∫
S1
Tr(γ2dγ
−1
2 X − γ1dγ−11 X),
(33)
where X∗ is the tangent vector on Y generated by the infinitesimal action of
X ∈ g = Lsu(2). One choice of λ ∈ A0(Y, g†) such that δλ = λ˜ is
〈X |λ(A, γ)〉 = −(L(A, γ)|Θ((A, γ);X∗)⊕ 0)
= −k
√−1
2π
∫
S1
Tr
(
(A− γdγ−1)X) . (34)
Using this map λ, we compute (E, ζ) ∈ A1(M, g∗)⊕C∞(G,A0(M, g∗)) according
to (23) and (24). Then we obtain the following formulae:
〈X |E(A;α)〉 = − k
4π2
∫
S1
Tr(αX), (35)
〈X |ζ(g)〉 = 0. (36)
We write g0 = Ωsu(2) for the Lie algebra of G0 = ΩSU(2). The moment
λ˜0 ∈ A0(Y [2], g†0) associated with the G0-equivariant T-bundle (P,∇) is given
by the same formula as (33). Hence the map λ0 ∈ A0(Y, g†0) given by the same
formula as (34) satisfies δλ0 = λ˜0. If we use λ0 to define (E0, ζ0) ∈ A1(M, g∗0)⊕
C∞(G0, A0(M, g∗0)) by (23) and (24), then it has the same expression as (35)
and (36).
Lemma 8.5. If k 6= 0, then βG(Gk,∇, f) 6= 0 and βG0(Gk,∇, f) 6= 0.
Proof. For any µ ∈ A0(M, g∗), cocycles (E, ζ(g)) and (E+dµ, ζ(g)+g∗µ−Adgµ)
define the same class in H3(G• ×M,F 1F(2)) ∼= Z/B. If we define µ by
〈X |µ(A)〉 = k
4π2
∫
S1
Tr(AX),
then we have E + dµ = 0 and 〈X |ζ(g) + g∗µ−Adgµ〉 = 12π√−1(Z(g−1)|X).
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Now we assume [E, ζ] to be trivial. Then there exists µ′ ∈ A0(M, g∗) such
that dµ′ = 0 and ζ(g) + g∗µ − Adgµ = g∗µ′ − Adgµ′. In other words, we
can express Z : Γ → Hom(LieΓ,√−1R) as Z(g) = 2π√−1(µ′ − Adgµ′) using
µ′ ∈ Hom(LieΓ,√−1R). Notice that the Lie algebra 2-cocycle c of LieΓ̂k is
obtained by c(X,Y ) = ddt
∣∣
t=0
(Z(e−tX)|Y ). Thus, if such µ′ as above exists, then
c is expressed as a coboundary, so that the central extension LieΓ̂k is trivial.
This is a contradiction, and βG(Gk,∇, f) = [E, ζ] is a non-trivial class. Because
Γ̂k induces a non-trivial central extension of G0 = ΩSU(2) by restriction, the
same argument shows that βG0(Gk,∇, f) = [E0, ζ0] is also non-trivial.
By this lemma, it turns out that we cannot perform the reduction of the
strongly G0-equivariant bundle gerbe with connection and curving (Gk,∇, f).
In order to obtain a connection and curving on G¯k by a reduction, we replace
the curving f by the other one using a 2-form on M = A1(S1, su(2)). As a
preliminary, we denote by θ = g−1dg the left invariant Maurer-Cartan form on
SU(2), and by θ¯ = dgg−1 the right invariant one. We define an adjoint invariant
closed 3-form χ ∈ A3(SU(2)) and a 1-form e ∈ A1(SU(2), su(2)∗) by
χ = − k
24π2
Tr(θ ∧ θ ∧ θ),
〈X |e〉 = − k
24π2
Tr((θ¯ + θ)X).
When we consider the adjoint action of SU(2) on itself, we obtain 〈X |de〉 = ιX∗χ
and g∗e = Adge for X ∈ su(2) and g ∈ SU(2).
Lemma 8.6 ([1]). There is a G-invariant 2-form Υ ∈ √−1A2(M) such that
−1
2π
√−1dΥ = q
∗χ,
〈X |E〉+ 1
2π
√−1 ιX∗Υ = 〈X(0)|q
∗e〉,
where q : M → M/G0 is the projection, and we write X(0) ∈ su(2) for the
evaluation of X ∈ g = Lsu(2) by the base point on S1.
We refer the reader to [1, 21] for an explicit description of Υ and the proof
of the lemma above.
Since Υ is G-invariant, we obtain a strongly G- and G0-equivariant bun-
dle gerbe with connection and curving (Gk,∇, f + Υ) over M . We use the
curving f + Υ and λ given by (34) in order to define (E′, ζ′) ∈ A1(M, g∗) ⊕
C∞(G,A0(M, g∗)). Similarly, (E′0, ζ
′
0) ∈ A1(M, g∗0)⊕C∞(G0, A0(M, g∗0)) is de-
fined.
Proposition 8.7. The cocycle (E′, ζ′) is expressed as
〈X |E′〉 = 〈X(0)|q∗e〉, (37)
〈X |ζ′〉 = 0. (38)
Thus, we have (E′0, ζ
′
0) = 0 and βG0(Gk,∇, f +Υ) = 0.
41
Proof. By (24), we have 〈X |E′〉 = 〈X |E〉+ 1
2π
√−1 ιX∗Υ. Hence Lemma 8.6 gives
(37). Because (23) does not involve curvings, we have ζ′ = ζ = 0.
By the proposition above, we can perform the reduction of the strongly
G0-equivariant bundle gerbe with connection and curving (Gk,∇, f + Υ) with
respect to λ0. Because su(2) is simple, the Lie algebra g0 = Ωsu(2) is such that
[g0, g0] = g0. Thus, by Lemma 7.3, the possible choice of a λ required in our
reduction is λ = λ0 only.
Using λ0 (and a connection on q : M → M/G0), we obtain a bundle gerbe
with connection and curving (G¯k, ∇¯, f¯) over M/G0 ∼= SU(2) by the reduction.
Lemma 8.6 implies that the 3-curvature of (G¯k, ∇¯, f¯) is −2π√−1χ. The de Rham
cohomology class of χ corresponds to k ∈ R ∼= H3(SU(2),R). Hence we see that
the Dixmier-Douady class δ(G¯k) corresponds to k ∈ Z ∼= H3(SU(2),Z).
8.3 Chern-Simons pseudo T-bundles
We give here an example of the reduction of an equivariant pseudo T-bundle.
The pseudo T-bundle we consider is related to the Chern-Simons bundle gerbe,
and is interpreted as the the Chern-Simons line bundle for a 2-manifold with
boundary [13]. The reduction of the pseudo T-bundle provides the data of
the quasi-Hamiltonian space given by Alekseev, Malkin and Meinrenken in the
finite dimensional construction of the symplectic form on the moduli space of
flat connections [1].
Notations in the previous subsection will be used without change.
Let Σ be a compact oriented 2-manifold whose boundary ∂Σ is identified with
S1. We denote the space of connections on the trivial SU(2)-bundle over Σ by
N = A1(Σ, su(2)), and the gauge transformation group by H = C∞(Σ, SU(2)).
As in the previous subsection, we consider the left action of g ∈ H on A ∈ N
given by A 7→ gAg−1 + gdg−1. We denote by H0 the subgroup of H consisting
of maps g : Σ → SU(2) which carry the base point on ∂Σ = S1 to the identity
element in SU(2).
The restriction of a connection to the boundary gives a map r : N → M .
Similarly, we obtain homomorphisms r : H → G and r : H0 → G0. (We use the
same symbol r for the maps induced by the restriction to the boundary.)
Recall the strongly G-equivariant bundle gerbe with connection and curving
(Gk,∇, f +Υ) over M . Through the homomorphism r : H → G, we can regard
the pull-back r∗(Gk,∇, f + Υ) as a strongly H-equivariant bundle gerbe with
connection and curving over N .
Proposition 8.8. There is an H-equivariant pseudo T-bundle (R, v) for r∗Gk.
Proof. First of all, we remark that the bundle gerbe r∗Gk = (r∗Y, r∗P, r∗s) is
canonically identified with the lifting bundle gerbe associated with the Γ-bundle
r∗Y overN . Since Y =M×Γ, we have r∗Y = N×Γ. Let us consider the obvious
T-bundle R = N × Γ̂ over r∗Y . We define a section v : r∗Y [2] → δR⊗−1 ⊗ r∗P
by v((A, γ1), (A, γ2)) = (γ̂2)
⊗−1⊗ γ̂1⊗ (γ̂−11 γ̂2), where γ̂i ∈ Γ̂ is an element such
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that ̟(γ̂i) = γi. This satisfies δv = r
∗s, and we constructed a pseudo T-bundle
(R, v) for r∗Gk.
Next we introduce an action of H on R. For g ∈ H = C∞(Σ, SU(2)), the
Wess-Zumino term [13] is an element eWΣ(g) ∈ Γ̂k such that ̟(eWΣ(g)) = r(g).
The following formula is known:
eWΣ(gh) = exp
−k√−1
4π
∫
Σ
Tr(g−1dg ∧ dhh−1) · eWΣ(g) · eWΣ(h),
where the dot means the multiplication in Γ̂k. Let C : H ×N → Γ̂k be
C(g,A) = exp
k
√−1
4π
∫
Σ
Tr(A ∧ g−1dg) · eWΣ(g).
This obeys C(gh,A) = C(g, hAh−1 + hdh−1) · C(h,A). So we can define an
action of H on R = N × Γ̂k by (A, γ̂) 7→ (gAg−1 + gdg−1, C(g,A) · γ̂). This
makes R into an H-equivariant principal T-bundle over r∗Y . It is direct to see
that the section v is H-invariant.
Let L be the Hermitian line bundle over r∗Y = A1(Σ, su(2))×C∞(Σ, SU(2))
associated to the T-bundle R→ r∗Y . The line bundle L can be identified with
the Chern-Simons line bundle for the 2-manifold Σ with boundary [13]. So we
call (R, v) the Chern-Simons pseudo T-bundle.
Proposition 8.9. There is an H-invariant connection η on (R, v).
Proof. First, let ϑ ∈ √−1A1(N) be a 1-form given by
ϑ(A;α) = −k
√−1
4π
∫
Σ
Tr(A ∧ α).
Using the connection ν on the T-bundle Γ̂k → Γ, we define a connection η
on the T-bundle R = N × Γ̂k by η = ϑ + ν. By computations, we can see
v∗(δη⊗−1 ⊗∇) = 0. Hence η is a connection on the pseudo T-bundle (R, v).
Next we prove that η is H-invariant. For g ∈ H , the difference g∗ν − ν is a
1-form on r∗Y = N × Γ, and is expressed as
(g∗ν − ν)((A, γ);α ⊕ γX) = k
√−1
4π
∫
Σ
Tr(α ∧ g−1dg)
for a tangent vector α⊕ γX ∈ T(A,γ)(N × Γ). The difference g∗ϑ− ϑ is
(g∗ϑ− ϑ)(A;α) = −k
√−1
4π
∫
Σ
Tr(α ∧ g−1dg).
Therefore η is an H-invariant connection on R.
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Using the H-equivariant pseudo T-bundle with connection ((R, v), η) for
the strongly H-equivariant bundle gerbe with connection r∗(Gk,∇, f + Υ), we
define ω ∈ √−1A2(N) and µ ∈ A0(N, h†) as in Lemma 7.6, where we write
h = C∞(Σ, su(2)) for the Lie algebra of H = C∞(Σ, SU(2)). Then we have
ω = σ − r∗Υ,
〈X |µ(A)〉 = k
√−1
2π
∫
S1
Tr(F (A)X),
where σ = dϑ ∈ √−1A1(N) is given by
σ(A;α1, α2) = −k
√−1
2π
∫
Σ
Tr(α1 ∧ α2).
As is well-known [2], −1
2π
√−1σ is a (formal) symplectic form on the space of
connections on the SU(2)-bundle over Σ.
Now we consider the reduction of the pseudo T-bundle. Let us introduce the
following H-invariant subspace of N :
µ−1(0) = {A ∈ A1(Σ, su(2))| F (A) = 0}.
This is the space of flat connections. Because the action of H0 on N is free, so
is the action on µ−1(0). The quotient space µ−1(0)/H0 is a finite dimensional
smooth manifold [1]. In fact, we can identify µ−1(0)/H0 with SU(2)2g(Σ), where
g(Σ) stands for the genus of Σ. As is clear, the restriction of r∗(Gk,∇, f +Υ) to
µ−1(0) is a strongly H0-equivariant bundle gerbe with connection and curving,
and its obstruction to the reduction vanishes. We can naturally identify the
bundle gerbe with connection and curving over µ−1(0)/H0 obtained by the
reduction of r∗(Gk,∇, f + Υ)|µ−1(0) with the pull-back of (G¯k, ∇¯, f¯) under the
map r¯ : µ−1(0)/H0 → M/G0 induced from r : N → M . Thus, applying
Proposition 7.7, we obtain a pseudo T-bundle with connection ((R¯, v¯), η¯) for
r¯∗(G¯k, ∇¯, f¯) by the reduction of ((R, v), η).
Finally, we see that the Chern-Simons bundle gerbe and the Chern-Simons
pseudo T-bundle provide us data of a quasi-Hamiltonian space [1, 21].
Recall that the action ofG onM induces the adjoint action ofG/G0 ∼= SU(2)
onM/G0 ∼= SU(2). The residual action makes (G¯k, ∇¯, f¯) into a strongly G/G0-
equivariant bundle gerbe with connection and curving. As associated data,
we can recover the adjoint invariant closed 3-form χ ∈ A0(SU(2)) and the 1-
form e ∈ A0(SU(2), su(2)∗). They satisfy 〈X |de〉 = ιX∗χ and g∗e = Adge for
X ∈ su(2) and g ∈ SU(2).
Similarly, the action of H on N induces the action of H/H0 on µ
−1(0)/H0.
Note that H/H0 ∼= G/G0 ∼= SU(2), and r¯ : µ−1(0)/H0 → M/G0 is an equiv-
ariant map. The residual action makes ((R¯, v¯), η¯) into an H/H0-equivariant
pseudo T-bundle with connection for r¯∗(G¯k, ∇¯, f¯). Let ω¯ ∈ √−1A2(µ−1(0)/H0)
be the H/H0-invariant 2-form defined by ω¯ = F (η¯) − f¯ . Note that ω¯ is the
unique 2-form such that q∗ω¯ = ω|µ−1(0) = (σ − r∗Υ)|µ−1(0).
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Proposition 8.10 ([1]). We consider the space µ−1(0)/H0 on which SU(2)
acts, the SU(2)-invariant 2-form ω¯ on µ−1(0)/H0, and the SU(2)-equivariant
map r¯ : µ−1(0)/H0 →M/G0 ∼= SU(2). Then we have
dω¯ = 2π
√−1r¯∗χ, (39)
ιX∗ ω¯ = −2π
√−1〈X |r¯∗e〉, (40)
{V ∈ Tx(µ−1(0)/H0)| ω¯(x;V,W ) = 0 for W ∈ Tx(µ−1(0)/H0)}
= {X∗ ∈ Tx(µ−1(0)/H0)| 〈X |r¯∗e(x;W )〉 = 0 for W ∈ Tx(µ−1(0)/H0)}.
(41)
Therefore (µ−1(0)/H0, −12π√−1 ω¯) gives rise to a quasi-Hamiltonian SU(2)-space
with its SU(2)-valued moment map r¯.
We remark that (39) and (40) follow from Lemma 7.6.
The quasi-Hamiltonian space above is a one considered by Alekseev, Malkin
and Meinrenken in the finite dimensional construction of the symplectic form
on the moduli space of flat connections [1]: let C ⊂ SU(2) be a conjugacy class
of SU(2), and NΣ(C) the moduli space of flat connections on the trivial SU(2)-
bundle over Σ whose holonomies around ∂Σ ∼= S1 are in C. We can describe the
moduli space asNΣ(C) = r¯−1(C)/SU(2), and the symplectic structure is induced
on r¯−1(C)/SU(2) from the 2-form ω¯ via the quasi-Hamiltonian reduction.
As a framework including both the ordinary Hamiltonian spaces and the
quasi-Hamiltonian spaces, the notion of Hamiltonian spaces for quasi-symplectic
groupoids is introduced by Xu [34]. Its prequantization is also introduced by
Laurent-Gengoux and Xu [23]. It would be interesting to understand the reduc-
tion of strongly equivariant bundle gerbes and equivariant pseudo T-bundles by
using the framework.
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